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Abstract.  This paper is a contribution to the long standing open prob-
lem of uniform termination of Semi-Thue Systemsthat consist of onerule
s! t. McNaughton previously showed that rules incapable of (1) delet-
ing t completely from both sides, (2) deleting t completely from the left,
and (3) deleting t completely from the right, have a decidable uniform
termination problem. We use a novel approach to show that Premise (2)
or, symmetrically, Premise (3), is inessetial. Our approach is basedon
derivations in which every pair of successie steps has an overlap. We
call such derivations single-threaded.
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1 Intro duction

The decidability of the uniform termination problem of one-rule Semi-Thue Sys-
tems (1STS) hasbeenopenfor 14 years.A systematic exploration of the problem
was started by Kurth [5].

This problemis both atest casefor the strength of termination proof methods
and a trigger for their developmert. Remarkable progresshas been made by
investigating the consumption and introduction patterns in derivations [7,8,4].

McNaughton's notion of a well-behaved derivation is basedon the idea that
somerules act as if there was an invisible barrier (\inhibitor") somewhereat
their right hand side. This inhibitor cannot be removed, so derivations cannot
exhibit global communication through the string. McNaughton shows that it is
decidable whether a rule is well-behaved, i.e. admits only well-behaved deriva-
tions. Moreover he showsthat uniform termination is decidablefor well-behaved
rules.
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In a well-behaved derivation the contractum introduced by any step during
a derivation cannot be consumedcompletely. The contractum can be consumed
partially from the left or from the right. We want to study non-well-behaved
derivations and hencecall a derivation:

{ both-sides-digestible(BD) if the remainder of some step after partial con-
sumption from the left and partial consumption from the right is consumed
later completely;

{ left-digestible (LD) if the remainder of somestep after partial consumption
from the left (without any partial consumption from the right) is consumed
later completely;

{ right-digestible (RD) if the remainder of somestep after partial consumption
from the right (without any partial consumption from the left) is consumed
later completely.

We study the following question:

{ A 1STSis obviously well-behavedi it satis es noneof theseproperties. Can
we decide uniform termination alsoif someof them are true?

An interesting special caseis given when the left hand side of the rule hasno
self-overlap. For this self-overlap free (SOF) case,Kobayashi et al. [4] intro duce
derivation patterns that are lessrestrictiv e than well-behavednessand they call
derivations which satisfy them tame, gentle and simple. They show that a gertle
1STS can be transformed to another Semi-Thue System which may have more
rules. The two systemshave equivalert uniform termination problems. Typically,
the transformed system is more amenableto the classic termination criteria.
Kobayashi et al. call the properties: LD, : RD, and their conjuntion \left very
gertle", \righ t very gertle”, and\v ery gertle", respectively. They show that very
gertle 1STSsare gertle and that the image of a simple 1STSis a context-free
grammar whenceits uniform termination problem is decidable.Other examples
can often be solved by a transformation and a subsequeh ad hoc argumert.
Beyond the SOF, simple systemsno decidability result is available yet.

In a straightforward way the notions of tame, gertle, and simple 1STSsare
generalizedto non-SOF 1STSs[2]. These properties form a hierarchy:

very gertle ) gertle ) tame
well-behaved) simple) : BD

It is easily veried that a 1STSis simplei it is tame and : BD. We establish
the following result:

{ Uniform termination is decidablefor 1STSsthat satisfy: BD”(: LD _: RD).

We reduce the uniform termination problem of 1STSsthat satisfy : BD
: RD to the uniform halting problem of pushdonvn automata which is decid-
able [12]. For this purposewe show that ead non-terminating such 1STShasan



in nite derivation where ead step overlapswith the previous one. We call such
derivations single-threaded. In this casethe left and right contexts of the redex
can be represented asthe contents of two stacks. By : RD, the left stadk is size
bounded.

This classof 1STSsincludes the following exampleswhich are not covered
by Kobayashi et al.: examplesthat are simple and non-SOF; examplesthat are
non-simple (thus non-tame), non-SOF. On the other hand, Kobayashi et al.
also cover the SOF, simple, left-digestible, right-digestible 1STSs,a classwhich
however may be void.

Our examplesare not covered by any existing automated termination cri-
teria, exceptinverse match-toundedness|3]. Inverse match-boundednesscovers
all well-behaved 1STSs, but it is unknown what other classesof 1STSsit also
covers.

This work is a thoroughly revised and extended version of the rst author's
master's thesis [9] and a Technical Report [10].

The paper is organizedasfollows: In Section2, we intro duce conceptsimpor-
tant in our framework, suc as chain graph and mother-in-law. In Section 3, we
introducethe notion of single-threadedderivation and we derive the decidability
result of uniform termination. In Section 4 we give examplesof the systemsto
which our results apply.

2 Preliminaries

We assumefamiliarity of the reader with semi-Thue systems (string rewrit-

ing) [1].
A string u is called a factor of v, in symbolsu v v, if v = xuy for some
X;y2 ;aprex ifv=uyforsomey2 ;asux ifv= xuforsomex 2

The pre x orsux u ofv is called proper if u 6 v. The setof all proper su xes
of the word u is denoted by Suf(u).
The set of overlaps of a string u with a string v is de ned by

ovL(u;v) = fw2 *ju=ulw;v=w®ud®s " u%v2 g

The length of a string u is denoted by ju;.

A Semi-Thue SystemR is a nite setof rules (s;t) 2 , also written
s ! t. The one-steprewrite relation ! is de ned by usv ! utv
if ujv 2 and (s;t) 2 R. The factors s and t are also called the redex and
the contractum, respectively. Occasionally we underline the redex and overline
the corntractum, as in the following two rewrite steps for the example system
ab! ba aab! aba! baa: A sequenceof rewrite stepsis called a derivation.
We write D : wg ! w; ! :::to denote a derivation named D with rewrite
stepswp ! wi ! i A systemR is called terminating if there is no in nite
derivation wo ! wy !

We focuson one-rule Semi-Thue Systems(1STS)fs! tg, alsowritten s! t.
As s! tis non-terminating if sv t, and terminating if jsj jtj and s 6 t, we
assumethroughout the paper that s 6vt and jsj < jtj. A 1STSs! t is called



self-overlap free (SOF), if OVL(s;s) = ;. If OVL(t;s) = ; or OVL(s;t) = ;,
then s! t terminates [5, Criterion D]. If OVL(t; s)\ OVL(s;t) 6 ; (\b ordered
rule") then the uniform termination problem of s! t is reducible to that of a
non-borderedrule [2, Theorem 6.21]. We henceforth assumethat OVL (t; s) and
OVL (s;t) are disjoint and non-empty.

Denition 1 ([4]). If 2 OVL(t;s) thenlets andt bedenedbys= s
andt =1t .If 2 OVL(s;t) thenlets andt bedenedbys=s and
t= t.

By OVL(t;s)\ OVL(s;t) = ;, there can be no confusionbetweens ands or
betweent andt .

2.1 Positions

By [m; n] we meanthe set of integer numbers between,and including, m and n.
We ip the squarebracket next to m or n to indicate that m or n, respectively,
shall be excluded. Positions in a string w are integer numbers in [0; jwj]. We
call 0 and jwj the (left and right, respectively) boundary positions of w, and the
other positions the inner positions of w. The inner positions represen the spaces
betweenletters.

Let a (nite or innite) derivation D :wp! wi; ! ::: be presupposed.We
denote positions in D by pairs (i; p) where p is a position in w;j. The position
(i 1;p) correspnds to the position (i; g), in symbols (i 1;p) ! res (i; Q), if
there are x;y 2 sudh that w; 1 = xsy, w; = xty, and either0 qg=p jXj
orjxsj p jxsyjandg=p jsj+ jtj.

If toagiven(i 1;p) agexistssuc that (i 1;p) ! res (i; Q), then qis
unique. If no such q exists, i.e., if jXj < p < jxsj, then p is said to be consumel
at stepi. Likewiseif to a given (i; g) a p existssuch that (i  1;p) ! res (i; ),
then p is unique. If no suc p exists, i.e., jXxj < q < jxtj, then q is said to be
intr oduced at stepi.

The redex position, R(i), of the i-th rewrite stepin D isde ned by R(i) = jXj
if wi 1= xsy andw; = xty for somex;y 2

The setof positions consumedin stepi is]R(i); R(i)+ jsj[. The setof positions
introducedin stepi is JR(i); R(i) + jtj[.

The equivalence closure of | ,es, denoted by (es, allows us to identify a
position in w; with its corresponding position in w;. If (i; p) res (j; ) then the
position p in w; and the position g in w; are called residuals (of ead other).
We will conveniertly speak about a position p in string w; when we mean the
residual of p.

Example 1. As a running example we usethe systemaabbald abbaabbaCon-
sider the following derivation D:

Wp = aabbaabbdib! aabkabkb aabbdb! abbaabbh aabbab
| abbaabbab abbaabbh! ablkabbaabba abbaabbab
| abbabbaabbaablabbaabbd abbabbaaldbbaabbbaabba= we




The set of positions consumedin the rst step of D is [5;9]. The set of
positions introduced in the rst step of D is [5;11]. The position marked by
in any word in D is a residual of the position marked by in any other word.
According to our convertion, we may say that the position introducedin the
rst step of D is consumedby the last step of D.

De nition 2 ([8]). A stepi is called digestible, in symtols D (i), if all contrac-
tum positions in w; are later consumal. The derivation is called well-behaved
if no stepin it is digestible. The 1STSs ! t is called well-behaved if all its
derivations are well-behavel.

Note that accordingto our de nitions, the inner positions of the contractum
are exactly the introduced positions.

Example 2. The rst stepin the derivation D from Example 1 is digestible.

Theorem 1 ([8]). It is decidable whether an arbitrary 1STS is well-behavea.
Uniform termination is decidable for the classof well-behavel 1STS.

De nition 3 ([9, Denition 5.2]). For eachj i let Rem(;j) (for \r emain-
der") denote the set of all residualsin w; of the set of contractum positions
from stepi. Stepj i is said to consumefrom the left the remainder of stepi

if Rem(j;j) 6 ; and
minRem(; j 1) 2]R(j);R() + jsil:

Stepj > i is saidto consumefrom the right the remainder of stepi if Rem(i; j) 6
; and

maxRem(; j 1) 2]R(j);R(j) + jsi[:

Intuitiv ely, step j consumesfrom the left (right) the remainder of step i if it
consumesthe leftmost (rightmost) position, but not every position, from the
remainder at stepj 1.

Example 3. The secondstep in the derivation D from Example 1 consumesfrom
the left the remainder of step 1, whereasthe third step consumesit from the
right.

De nition 4 ([9, Denition 5.5]). We saythat stepi is

{ both-sides-digestible in symtwls BD (i), if D(i) holds and somestepsj > i
consumefrom the left the remainder of stepi, and somestepsj > i consume
from the right the remainder of stepi;

{ left-digestible, in symtwols LD (i), if D(i) holdsand all stepsj > i that par-
tial ly consumethe remainder of stepi do sofrom the left (i.e., no stepsj > i
consumefrom the right the remainder of stepi);

{ right-digestible, in symimls RD(i), if D(i) holds and all stepsj > i that
partial ly consumethe remainder of stepi do so from the right (i.e., no steps
j > i consumefrom the left the remainder of stepi).



The conditions are mutually exclusive for giveni. A derivation is said to sat-
isfy BD, LD, or RD, if someofits stepsi satisfyBD (i), LD (i), or RD (i), respec-
tively. A 1STSs! tsatisesBD, LD, or RD, if someof its derivations satisfy
BD, LD, or RD, respectively. We de ne (both-sides, left, right)-indigestibilit y
for steps,derivations and systems,denotingthem by : BD;: LD ;: RD, by negat-
ing the respective conditions. Note that by de nition a 1STS s well-behaved if
and only if it satises: BD ~ : LD ~ : RD.

Example 4. The condition BD (1) holds for the derivation from Example 1.
Theorem 2 ([6]). The Conditions LD and RD are decidable for 1STSs.

Proof. Conditions LD and RD are equivalent to McNaughton's conditions C2
and C3, respectively [6, Theorem 6.1]. This shows up in casesl and Il in his
proof. u

If : LD ~ : RD holdsthen BD is equivalent to McNaugton's Condition C1.
However, Condition BD is not equivalent to C1 in the generalcase.

Example 5. The system from Example 1 satises : RD and : C1. Howewer, it
satis es BD asthe derivation D exhibits.

2.2 Chain Graphs

The notion of chain graph gives one the meansto reasonin detail about the
relation betweenstepsin a derivation.

Denition 5. LetD :wp! wi! :::. Letw; = xsy for somei; X; y. The factor
s in w; is called live if:

{ thereis astepj i suchthat (i;jXxj) res (i 1;R(j)), i.e., at stepj the
redexjxj from w; is reduced;

{ (;p) res( 1;p9 forall jxj p jxsj; i.e., no position of s is consumel
until s is rewritten.

Informally speaking, a live factor is nally reducedand it is not touched before
then. Note that the live factor in w; neednot be reducedin the very next step
w; ! w1 . Sincethe residuals of overlapping redexesoverlap, live factors do
not overlap.

De nition 6 ([5, Denition 4.25]). The chain graph of a ( nite or in nite)
derivation D :wp ! wq ! ::: is adirected graph (V;E). The verticesin V are
the positions of live factors. The edgesin E = E¢[ E; are de ned as follows:

{if( Lp! res(b@and(i 1;p);(;9) 2V then((i  1p);(i; d) 2 Eo;
{ if (i L;R(i));(i; g 2 V, and someof the positions (i; g);:::;(i; g+ jsj) are
introduced by stepi, then ((i  1;R(i)); (i; q)) 2 Ej.
We de ne seletor functions src tgt;level: E'! N for the source the target,
and the level of an edgek 2 E by sradk) = p, tgt(k) = q, levelk) = i if
k= ((i  Lp);(i;q).
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Fig. 1. The chain graph of the derivation from Example 1

positions p; < < pk of the live redexesin wp.

Example 6. Figure 1 shows the chain graph of the systemin Example 1. The
lowest edge has the sourcevertex (4; 14), the target vertex (5;10), it isin Eq,
and its level is 5.

De nition 7. Edgesfrom the setE; will alsobe called active. An active edgek
is called a left edgeif srak) > tgt(k); and a right edgeif srak)+ jsj < tgt(k)+ jtj.
We will call the active edgeson the samelevel rivals.

By s 6vt and jsj < jtj, every active edgeis a left or a right edge.

Lemma 1. If k is a left edgeat leveli thenw; 1 = zs sy andw; = zst y for

some 2 OVL(s;t) and z;y 2 . Moreover srqk) = jzs j and tgt(k) = jzj.

If k is a right edge at level i then w; 1 = xss v and w; = xt sv for some
2 OVL(t;s) andx;v2 . Moreover srgk) = jxj and tgt(k) = jxt j.

Proof. Straightforward from the de nitions. ti
Lemma 2. If (i;p) res (j; @ and (i; p% res (j; @) and p< p°theng< o

Proof. By induction onjj ij, with the inductiv e step done by caseanalysison
R() p p<R(@)<p’andp® R(). u

2.3 Family Mem bers

New tools developed in this sectionwill enableusto speakin more detail about
in nite derivations.

De nition 8 ([9, De nition  7.1]). Let k be a right edgeat leveli. Then s
and (i 1;jxsj) in Lemmal are called the husband and its position, respectively.
Likewisefor a left edge,s and (i 1;jzj) are called the husbandand its position,
respectively.



Intuitiv ely, a husband is a non-empty factor that is supplemeried to a live
redex by the next rewrite step. The husband positions of k are the residuals of
the positions of the live redex created by k.

Example 7. In the chain graph of the derivation from Example 1, the husbands
of the edgesat level 1 are aabbat position (0; 0) and b at position (0; 10).

De nition 9. [[9, De nition 7.3]] Let p be a position in the huskand h of an
active edgek. Then we call the vertex (i 1; R(i)) the mother-in-law of p if pis
introduced in stepi. A mother-in-law of the active edgek is the mother-in-law of
one of the positions in the hustand of k. The step that rewrites the target redex
of k is called the marriage consumption step of k.

Wi 1 mother-in-law
Wi q !
Wi 1 Cb}\_ S e

q
\q%b husband 8

s

Fig. 2. Husband and mother-in-law

Example 8. The vertex (0;4) in the chain graph of the derivation D from Ex-
ample 1 is the mother-in-law of the position in wy. The string aabbat position
(4;10) is the husband of the edgegoing from (4; 14) to (5;10), and the vertex
(3;3) is its mother-in-law.

Note that a mother-in-law neednot be the sourcevertex of an edge.In other
words, the rewrite stepw; 1! w; neednot create a live redex.

3 Uniform Termination of One-rule Single-Threaded
Systems

In this sectionwe de ne single-threadedderivations, show how single-threadedness
can be derived, and usesingle-threadednesgor decidability of uniform termina-
tion in a special case.



3.1 Single-Threadedness and Indep endence

De nition  10. A pathin the chain graph of a derivation is called single-threaded
if every edgeon it is active. A derivation is called single-threadedif its chain
graphis a single-threaded path. A 1STSis called single-threadedif it admits an
in nite single-threaded derivation.

Theorem 3 ([7, Theorem 7.4],[9, Theorem 3]). Every non-terminating,
well-behavel 1STS is single-threaded.

McNaughton's xy-sequencecorrespondsto a single-threadedpath.

De nition 11 ([9, Denitions 8.2 and 8.3]). An active edge k is called
independert if all its mothers-in-law are ancestors of k. A mother-in-law that is
not an ancestor of k is called alien to k. A path is called independert if every
active edgeon it is independent.

In other words, an edgeis dependent i it has an alien mother-in-law. In con-
trast, an independert path doesnot need any other paths to proceedwith its
reductions.

Example 9. The left path in Figure 1 is independert. However, the right path is
not | the mother-in-law (3; 3) of the boundary position (4; 10) of the husband
is a vertex in the left path and is hencealien to the edge((4; 14); (5; 10)).

Lemma 3. If thereis an in nite derivation whosechain graph contains an in -

nite independent path whose rst i edgesare active, then there is also an in nite

derivation whosechain graph contains an in nite independent path whose rst

i + 1 edgesare active. Moreover, the two derivations coincide up to, and includ-
ing, stepi.

Proof. Let k denote the active edgeat level i in the independen path S. Let
j > i denotethe next level at which S has an active edge,k® By symmetry we
may assumethat k°is a right edge.Let h be the husband of kY, i.e., there are
X;¥;92 such that w; 1 = xshy ! xthy = xgsy = w;. Sincek®2 S and all
edgesbetweenk and k®are inactiv e, the occurrenceof s is presened, i.e., none of
its positions is consumed,during the derivation w; ! w; 1. Only the parts left
or right to it in w; may be touched during this derivation. All mothers-in-law of
h are above level i sincethey are both redexesand ancestornodesof k. Henceh

is presert in w; and not touched during the derivation w; ! w; 1 either. Let
x®1  xandy®! vy renderthe changesthat happenedduring the derivation
w; I w; 1. Then the derivation can be rearrangedthus:
w; = ,>><°shy° Loow 132 xshy
? ?
y y
wl, = x%sy° Iow = w; = xgsy



We will show that the chain graph of the new derivation D%:wp ! wy ! !
wi bowd, ! Pw ! wl=w ! w ! i hasaninnite independert
path with the rst i + 1 edgesactive. In stepsw?,; ! Powd b ow? we
executereductions left and right from gs in the sameorder asthey were executed
in D.

First note that the inactive edgeat level i + 1 having source(i; jx9) in the
chain graph of D is replacedby the active edge((i; jx9); (i + 1; jx%j)) in the chain
graph of D° Let us denote this active edgeby K .

Let S consistof vertices

vorsinvi n@ixY)iinG Lixi: G IXg)); Vi1 ;i

and respective edgesbetweenthem. The path S° consisting of the vertices:

in the chain graph of D° hasby its construction rst i+ 1 edgesactive. It su ces
to show that it is an in nite independen path.

Supposethat there is a dependert edgel 2 S° There are 3 possiblecases:

{ leve(l) i.SinceD%up to stepi is the sameas D and hencethe respective
parts of their chain graphs are the same,| is dependert also in the chain
graph of D, a contradiction.

{ levell) 2]i;j]. Then | = K, sinceK is the only active edgein those levels.
Henceone of the positions in the husband h of K is intro duced before level
i + 1 by an alien mother-in-law m. But beforeleveli + 1 the derivations and
their chain graphs are the same,hencem is also an alien mother-in-law of
kC a cortradiction.

{ leve(l) > j. Then | was presert in the original chain graph as well sinceall
reduction stepslater than j arethe same.Let m= (j° 1;R(j9) be an alien
mother-in-law of |. We have 3 possiblecases:

j9> j. Sincethe stepsafter j and hencetheir chain graphsare the same,
m is aliento | in S aswell.

j92 1i;j]. Obviously, j°6 i+ 1, becausem is alien. Let p be the position
in the husband of | introduced by the reduction corresponding to m.
Then p hasa residual p°in w?. We can either have p° < jxj or p°> jxgsj,
since other positions stay untouched during the derivation wP,; ! wp.
Therefore p° is either an inner position of x or of y. To x our atten-
tion, supposethat it is an inner position of y. By Lemma 2, we have
w% | = x%Ysyisy, for somexCyi;y, 2, wherex?!  x%!  x and

yd! yisy2 | y. Let jx%Qsysj < p®< jx%Ysyitj be the residual of p

introduced in step j ° Consider the corresponding reduction step in D:

wjo = x%hysy, | x%hyity, = Wjosq . The position p®% jhj jgj + p®

in wjo.y isintroducedin this reduction. One showsthat (j % p°is aresid-
ual of (j; p9 in D. Since(j %jx%) 2 S, the mother-in-law (j % jx°Shysj) is
alien. HenceS is not independert, a cortradiction.

10
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Fig. 3. The chain graph from Example 10

j°® i. By denition of mother-in-law, the step w% ; ! w% in D°
intro ducesa residual of (leve(") 1;p). The samestepin D introducesa
residual of (leve(") 1;p) in D, becausahe derivation w; I w; 1! wj;
touchesexactly the samepositions asthe derivation w; ! w2, ! w;.

So m is an alien mother-in-law of * also in the chain graph of D, a
contradiction.

So S° cortains no dependert edge,which nishes the proof. t

Example 10. Considerthe rst three stepsof D from Example 1. Let B denote
the right branch in its chain graph. The edgeson B comefrom setsEq;Eg; E;.
Pushing up the secondactive edgefrom B, results in the following derivation:

aabbaabbdib! aablabb aabbdb!
| aabbab abbaabbh! abbaabbbh abbaabbab

Its chain graph is shaowvn in Figure 3. Note that the right path starts with
two active edges.

Lemma 4 ([9, Lemma 15]). If the chain graph of an in nite derivation con-
tains an in nite independent path then there is a derivation that contains an
in nite, single-threaded path starting from level 0.

Proof. First we drop enoughinitial stepsfrom the derivation, sothat the inde-
pendert path starts from level 0. Then we construct the i-the step of the target
derivation and the i-th level of its chain graph by applying Lemma 3i times. u

Lemma 5. A derivation whosechain graph contains an in nite single-threaded
path starting from level 0 is a single-threaded derivation.

Proof. Let anin nite derivation begiventhat contains anin nite, single-threaded
path, S. As every edgeon the path is active, there cannot be, besidesthe path,
another redex that is rewritten during the derivation. By de nition of chain
graph there is, therefore, no inactive edgein the chain graph. By the sameto-
ken, the active edgeshave no rivals. Sothere are no edgesoutside S. t

The conceptsand lemmasintroduced so far can be usedto prove:

Theorem 4. Every hoth-sides-indigestible non-terminating 1STSis single-threaded.

11



3.2 Simulation by a Pushdo wn Automaton

We show in this sectionthat the single-threadedderivations of a right-indigestible
1STScan be renderedby a pushdowvn automaton, whencethe uniform termina-
tion problem for single-threaded,right-indigestible 1STSsis decidable.

Lemma 6 ([9, Prop osition 34]). Letwp! wi ! ::: beaninnite single-
threaded derivation and let D (i) hold for somei > 0. If k; is a left edge then
LD (i) holds. If k; is a right edgethen RD (i) holds.

Proof. To x our attention, supposethat k; is a left edge.Hencereduction of
the target redex consumegpositions introducedin the i-th step from the left. By
induction we can show that no step consumespositions from the right. t

During the remainder of this section we assumethat the given 1STSs! t
is single-threadedand satis es : RD.

Lemma 7 ([9, Lemma 35]). Letk be aright edgeat leveli in the chain graph
of a single-threaded derivation. Then no position p  srgk) in w; 1 is consumel
later.

Proof. By cortradiction. Supposethat there is a right edgek at level i and the
position p  srqk) is consumedlater. Sincethe derivation is single-threaded,we
can show by induction that all positions betweensrgk) and tgt(k) in w; are also
consumed;henceD (i) holds. By Lemma 6, we get RD (i), a contradiction. t

De nition 12 ([9, Denition 10.5]). To a 1STSs! t, we assigna gener-
alized pushdownautomaton [11] A whosetransitions will correspnd to rewrite
stepsin a givenderivation. The input alphalet and the stackalphatet are  each.
The state of the automaton is encded as the contents of a stack of size strictly
bounded by jtj. So a con gur ation is a pair (x;y) 2 <iU . The automaton
has the transition relation >~ ( <iU )y ( <it ) de ned by:

(x;y) > xX%ty) ifx=x%, 20VL(s;t),x2 <Uix%y2
(x;y) > (t;y9) ify=sy® 2O0VL(ts), x2 <ili y%y2

The transition relation * is well-de ned by jx9 < jxj < jtj and jt j < jtj. A
nite or in nite sequenceof transitions is called a computation.

Lemma 8 ([9, Lemma 37]). If A admits an innite computation then there
is an in nite derivation.

Proof. One shaws that for all x;x°2 <l andy;y°2 ,if (x;y) ° (x%y9
then xsy ! x%y%or xsy ! xx%y°. t

De nition  13. We saythat A is put on the derivation wo ! w; ! :::, if its
con gur ation is setto (x;y), and jxj < jtj, wher x and y are the left and right
contexts of the rst rewrite step,wp ! wj.

12



Lemma 9. The automaton A, put on an innite, single-threaded derivation,
admits an in nite computation.

Proof. We prove that A admits one transition and thereafter it is put on an
in nite, single-threadedderivation again. By applying this argumert i times, we
can construct the i-th transition of the automaton for any i > 0.

To prove the claim, let an in nite, single-threaded derivation D : wq !
wi ! ::: be given, and let wp = xsy and R(1) = jxj for somex;y 2 f
R(1) > R(2) (ky is aleft edge),then x = x% andw; = x%t y for somex°®2
and 2 OVL(s;t). The automaton can make a transition (x;y) ~ (x%t y), and
is so put on the remaining derivation wy ! wy ! :::.If R(1) < R(2) (k1 isa
right edge),theny = s y®andw; = xt sy’for somey®2 and 2 OVL(t;Ss).
By Lemma 7, the pre x x remainsuna ected by the derivation wy; ! wy ! :::.
Now for all i > 0 let w® be de ned by w; = xw?. Thenw)! w3 ! ::: isagain
an in nite, single-threadedderivation. ti

Lemma 10. Let S be a path in the chain graph of an in nite, single-threadel
derivation. If S contains in nitely many active edgesthen it contains in nitely
many left edgesand in nitely many right edges.

Proof. Supposethat there are only nitely many left edgeson S. Then there is
someN sud that k, is a right edge,or an inactive edge,for all n > N. Let
an = jwnj tgt(kn). Obviously a, O for all n > N. On the other hand, the
subsequencef all a,, n > N for which k, is a right edgestrictly decreasesThis
givesa cortradiction. t

Lemma 11. If s! tis aright-indigestible, single-threaded 1STSthen A admits
an in nite  computation.

Proof. Let s! t admit the in nite, single-threadedderivation wg ! wy !

In order to work with Lemma 9, we needto ensurejxj < jtj for the left context
of the rst rewrite step. This is not the casefor an arbitrary derivation, but a
suitable derivation can be derived as follows.

By Lemma 10, the single-threadedpath of wg ! w; ! ::: contains a right
edge,at leveli say. Thenthe derivationw; 1! w; ! ::: starts with aright edge:
we havew; 1= xss y%andw; = xt syfor somex;y°2  and 2 OVL(t;s).
By Lemma7 the pre X x remainsuna ected by the derivationw; 1! w; ! :::.
Now for all j i 1letw bedened by w; = xwP. Then D :w)! w3 !
is again an in nite, single-threadedderivation. Moreover jt j < jtj holds for the
left context t of its rst rewrite step. By Lemma 9, the automaton A put on D
admits an in nite  computation. t

Example 11. Consider the well-behaved system abcd! cdcdbabaliaken from
[7], and the in nite derivation:

abcdcd! cdcdbababcdl cdcdbabcdcdbabdb cdcdbcdcdbababedbabiab: : :
The corresponding computation is:

("; cd) ° (cdcdbaby) © (cdcdbrdbababp ™ (cdcdbabbabab ™ :::
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De nition  14. The uniform halting problem of pushdownautomata is the fol-
lowing problem: "Given a pushdownautomaton ( ;Z;Q; ;qo;2z0) | is there
(x;y) 2 Q Z that initiates an in nite computation?"

Theorem 5. The uniform termination problem is decidable for the class of
1STSs! tthatsatisfy: BD ™ (: RD _:LD).

Proof. By symmetry we may assume: RD. By Lemmas 8 and 11, the uniform
termination problem is reduced to the uniform halting problem of pushdowvn
automata which is decidable[12]. ti

4  Applications

There is a decidable su cien t criterion for both-sides-indigestibility of 1STSs.
First BD can be characterized by the existenceof two peculiar single-threaded
derivations, then one can develop a simple test for non-existenceof suc deriva-
tions, basedon the setsof suxes of s andt that can be consumedand intro-
duced, respectively. The question whether BD is decidableremains open.

We give seweral examplesof systemsto which this criterion and our theorems

apply.

Example 12. The 1STS R = fcaabca! aabccaabg is both-sides-indigestible,
satises : LD and RD and is not tame.

Example 13 ([2]). The SOF 1STSaaabbald abbaaabbaatises: BD " : LD
RD and is tame and terminating.

Example 14. The non-SOF 1STSR = fbabbabth abbabbblmpsatises : BD »
LD ~ : RD. It is non-tame and non-terminating.

Kobayashi et al. [4, page 603] nd no instancesfor the caseSOF ~ : BD
RD ”~ LD . Non-SOF systemssatisfying : BD ~ RD ~ LD however do exist:

Example 15. For every n 3, the 1STSR = fbaab)" ! (ab)"*2 a is not both-
sides-digestible.However R is both left-digestible ((ab"**a sux of (ba"*!)
and right-digestible (abapre x of (ab").

5 Conclusion

We have shown that one-rule Semi-Thue Systems(1STSs) that satisfy : BD »
(: RD _ : LD) have a decidable uniform termination problem, for their non-
terminating members admit in nite single-threaded derivations, which can be
simulated by pushdown automata. The uniform termination problem for 1STSs
that satisfy: BD » RD ~ LD is open.
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