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Abstract

Settheoriesare traditionally basedon r st-order logic.
We showthat in a constructivesetting basinga settheory
on a dependentogic yieldsmanybene ts. To this end,we
introducea dependentmpredicativeconstructiveset the-
ory which wecall IZFp . Usingrealizability, we prove that
theunderlyinglambdacalculusweaklynormalizesthusen-
abling programextractionfrom|ZFp proofs.We alsoshow
that IZFp caninterpret IZF with Collection. By a well-
knownresult of Friedman, this establishedZFp as a re-
markablystrongtheory with proof-theogetical powerequal
to that of ZFC. We further demonstatethat IZFp provides
a natural framewvorkto interpret r st-order de nitions, thus
removinga longstandindarrier toimplementingonstruc-
tive settheories.Finally, we provethat|ZFp extendedwith
excludedmiddleis consistentthuspavingthewayto using
our framevorkin theclassicalsettingaswell.

1 Intr oduction

Thereare two major foundationalframeworks usedin
mathematicsand computerscience— settheoryandtype
theory Theformeris widely acceptedasthe foundationof
classicalmathematicsthe latter is being successfullyap-
plied in computersciencefor the purposeof programver
i cation, programminglanguagesemanticsand software
engineering.

Boththeoriesarewell understooc@ndperformverywell
in their habitats. Settheory can easily formalize most of
the conceptusedby mathematiciansThe power of mod-
ern type theorieshas exceededhat of Zermelos setthe-
ory [34, 20, 21] and proof assistantdasedon type the-
ory, suchas Coq[32] and Nuprl [10, 6], are successfully
usedfor applicationsuchasextractionof distributedproto-
colscorrect-by-constructiof8] or formalizationof dif cult
mathematicatheoremg14].

We show that combiningthesetwo worlds yields mary

bene ts. More speci cally, wetakeaconstructve settheory
IZF with ReplacemeniiZFg ), andwe extendits logictoin-
corporateseveralfeaturegypical of typetheories— depen-
dentimplications,conjunctionsandwhatwe call restricted

-types.We call theresulting“dependent’settheorylZFp
andthe underlyinglambdacalculus S .

Thereareseveral attractive propertiesof IZFp . First of
all, S weakly normalizes.We prove normalizationof S
using realizability, in a spirit closeto our previous work
[22, 23]. Theaxiomof choiceis usedto provide the inter-
pretationof new setterms. The normalizationresultmakes
it possibleto extractprogramdsrom IZFp proofs.

Secondyve shav thatthe combinatiorof dependentea-
turesin the logic and Replacemenaxiom signi cantly in-
creaseshepowerof asettheory by shaving thatlZFp can
provetheaxiomsof IZF with Collection(IZF¢). As known
sinceresultsof Friedmanand SCedros [13], Replacement
and Collection are not equivalentin the constructve set-
ting. While the proof-theoretiqpower of IZF¢ equalsthat
of ZFC[12], IZFr is muchwealer. It is conjecturedn [13]
thatits consisteng canbe provedin ZF. Moreover, Collec-
tion is averyusefultool in the developmenbf mathematics
in constructve settheories;mostnotablyin the treatment
of inductivede nitions [4, 28]. Thus,|ZFp isaremarkably
strongsettheory having the proof-theoretiqpower of ZFC
andall thebene tsof Collectionatits disposal.

A longstanding,rarely mentionedbarrier to utilizing
constructve set theories,is the mechanismof rst-order
de nitions. It is anindispensiblgool in building theedi ce
of mathematicaknowledgeandfor implementingsetthe-
ory. For example,in ZFC,in orderto introducea function
symbolfor the addition function on naturalnumbers,one
rst shaws the statement 8m;n9o:(m2! ~n2
I)! \oisasumofmandn”) ~: (m2! *n21!)!

o = 0). Thenabinary symbol+ canbe addedto the sig-
nature,alongwith thede ning axiom8m; n:“if m;n 2 |,
thenm + n isasumof m andn, otherwisem + nisQ". In
theconstructve setting,however, shaving is problematic.
Problemsarisewith ary “partial” functionsymbol,suchas



+, asextendingan intendeddomainto the entire universe
seemsto be impossiblein generalin the constructve set-
ting. Moreover, it is unknovn how to perform this pro-
cedurewhile preservingthe capability of programextrac-
tion. We show thatlZFp providesameandor solvingthese
problemsasdependenimplicationcombinedwith -types
automatically‘skolemizes”a settheory As we prove that
the classicalcounterparof IZFp is consistentthe mecha-
nismcanalsobeappliedin implementation®f classicaket
theories.

Theimportanceof consisteng resultsin this areacannot
be overestimatedastheoriestendto dwell closeto incon-
sisteny [11, 27]. Thisis onereasorfor therestrictionof -
typeswe adopt,which amountgo disalloving the standard
reductionrule 1([t; M]) ! t. AlthoughIZFp with un-
restricted -typesenjoys usefulproof-theoreticproperties,
suchasSubjectReductionwe shaw thatit is alsoinconsis-
tent.

Thepropertiesof IZFp makeit aviablebasefor a proof
assistanbasedon settheory with programextraction ca-
pability. As the earlierwork [22, 23, 29, 20] doesnot ad-
dressthe problemof de nitions, a constructiorof a prover
basedn previousapproaches problematic We witnessed
theproblemsrst-hand, while implementinga smallprover
basedbn settheory A uni ed presentatiomf IZFp should
facilitatethe implementatiorprocess.We hopeto utilize a
logical frameawork for this purpose.

Thispaperis organizedasfollows. In section2, weintro-
duceinformally thetheorylZFp . A formal presentatiorof
theunderlyinglambdacalculus S canbefoundin section
3, wherewe alsoshaw thatlZFp with unrestricted -types
is inconsistentWe de ne anduserealizabityto prove nor-
malizationof S in sections4 and5. In section6 we inves-
tigatethe power of IZFp andits classicalcounterpart.We
describéhow to use S to implement rst-order de nitions
in section7. Relatedwork is discussedh section8.

2 1ZFp

ThetheorylZFp is adependentersionof constructve
impredicatve settheorylZF with ReplacemenfiZFg), in-
troducedby Myhill in [26]. 1ZFp arisesby extendingthe
constructve rst-order logic of IZFr with dependentea-
tures.As ary detailedaccountof atheorybasedon depen-
dentlogic involvesa large amountof syntax,we postpone
the formal treatmentto the next sectionand rst describe
thetheoryinformally.

Intuitively, theaxiomsof IZFp are: Empty Set,Pairing,
In nity , Union, Power Set, 2-Induction, dependenSepa-
ration and dependenReplacement.The underlyinglogic
is an extensionof the constructve rst-order logic by de-
pendentimplications,conjunctionsandrestricted -types.
Formally, IZFp doesnothave ary axiomsin thetraditional

(IN) 8a;b:a2 b$ 9c:c2, bra=c

(EQ)8a;b:a=b$ 8d:(d2, a! d2b”(d2, b!
d2 a)

(EMPTY)8c:c2, ; $ ?

(PAIR) 8a;b8c:c2, fa;bg$ c=a_c=b
(INF)8c:c2, ! $ c=0_9b2!:c= S(b

(SEP (. f—QSf_; a8c:ic 2 S an(@f)$ (p:c2
a” (p;cit)

(UNION)8a8c:c2, a$ 9b2a:c2b
(PONVER)8a8c:c2, P(a) $ 8b:b2c! b2a
(REPL ... 71y) 8F;a8c: ¢ 21 R . (&f) $
Bx:(p:x2a!l 9y (pxy; )" (W (p:x2
a)™ (pix; cif))

(ND ,ry) 8f: (8a: (8b:b 2, a !
(a;f)) ! 8a: (a;f)

(CED)I.

Figure 1. The axioms of 1ZFp

senseit is alogic powerful enoughto deriveall theformu-
las listed in Figure 1. However, sincetheseformulasare
helpful in de ning andunderstandindZFp , we will con-
tinue calling themaxiomsthroughouthe paper

The axioms (SEP ), (REPL ) and (IND ) are axiom
schemas parameterizetby a formula . The axioms(IN)
and(EQ) alongwith theintensionamembershigymbol2
form thebackboneof theLeibniz (8a;b:a= b! (a)!

(b)) andExtensionality(8a;b:(8c:c2 a$ c2 b !
a = b) axioms,which arederivablée* in our axiomatization.
Thesymbol2, needsnotbecomprehendeth orderto uti-
lize thetheory aslZFp canprove all the axioms with 2,
replacedoy 2. See[23] for moredetails.

The axioms (EMPTY), (PAIR), (INF), (SEP),
(UNION), (POWER) and (REPL ) all assertthe ex-
istence of certain classesand have the same form:
8a:8c:c 2| ta(@ $ a(c;a), wheretn is afunction
symboland A a correspondingormulafor the axiom A.
For example,for (PONER), tpower iS P and power
is8b:b2 c! b2 a Weresenethenotationty and A
to denotethe term and the correspondingormula for the
axiomA.

The underlying logic includesdependenimplications
andconjuctionsdenotedby (p: ) ! and(p: )"
Thesecanbefoundin the Separatiorand Replacemenax-
ioms. Their parameterizingormulascandependn proofs,
denotedoy p. Intuitively, in IZFp proofsareavalid subject
of discourse.This is the main featurewhich distinguishes
the axiomsof 1ZFp from traditional axiomatizations. In
particular theaxiomsof IZFg arepreciselywhatremaingf
theschemasrerestrictedo purely rst-order formulas.

1For rst-order formulas.Seethediscussiorin Section3.3.



3 The S calculus

A lambdacalculusis anintegral partof ary typetheory
It is a typed programminglanguage providing meansfor
programextraction capability At the sametime, its types
provide thelogic of atheoryandits termssene asnotation
for its proofs.

In thissectionwe describen detailthecalculus S con-
stitutinglZFp . As commonin dependenipgics,terms,for-
mulasandprooftermsareall de ned atthesametime. The
judgmentsof the type systemof S inducethe settheory
IZFp . We proceedo malke this introductionprecise.

3.1 The terms of S

The termsof S aredivided into three syntacticcate-
gories,encompassingroof terms,settermsandformulas,
respectiely. We will generallyuselettersM;N;O; P for
prooftermg, s;t; u for setterms, ; ;# for formulasand
T; S for arbitraryterms.Thus,wheneer oneof thesesym-
bols is encounteredn the text, the readershouldassume
thatit hasbeengeneratedy the correspondingartof the
grammar Therearetwo kinds of variables. The rst one,
denotedy lettersp; ; X; y; z, intuitively correspondso the
propositionaimplication. The secondne,denotedusually
by lettersa; b;c, intuitively correspondgo the rst-order
guanti cation. We call themlambdaandsetvariables re-
spectvely. The notationa;b: M standsfor atermwith its
variablesa; b bound. The notationT standsfor a sequence
of terms.Thefollowing abstracgrammarde nestheterms
of S. The rst partgenerateshe proofterms. Thereare
two groupsof proofterms. The rst groupcorrespondso
the rst-order logic with dependenteatures:

M:x=xjMNja Mjx :: Mjinl(M)jinr(M)j

fst(M)jsndM)j[t; M]jM tjhv;Ni j
casgM;x : : N;x: :O)jmagic(M)j 5 (M)
Thesecondgroupcorrespond$o the axiomsof settheory:

ind, . (M;©)

inProp(t; u; M) j inRep(t; u; M)
egProp(t; u; M) j eqRep(t; u; M)
pairProp (t; u1; uz; M) j pairRep(t; us;uz; M)
unionProp(t; u; M) j unionRep(t; u; M)
Sep,.. 7= Prop(t; u;m; M) j sep,,. . Rep(t; u;m; M)
powerProp(t; u; M) j powerRep(t; u; M)
infProp (t; M) j infRep(t; M)
pah: T Rep(t; u;T; M)

Intuitively, the Prop and Rep termscorrespondo IZFp
axioms. For example,if M is aproofoft 2, P(u), then

repl Prop(t; u;T; M) j replp;a;b; f:

2Thesimultaneousisagef P for thepawer setfunctionsymbolshould
notleadto ary confusion.

powerProp(t; u; M) isaproofoft uandif M is aproof
oft u,thenpowerRep(t; u;M) isaproofoft 2, P(u).
As in our previouswork [22, 23], we adoptthe cornvention
of usingaxRep andaxProp termsto tacitly meanall Rep
and Prop terms,for ax beingoneof in, eq, pair, union,
sep power, inf andrepl. With this corventionin mind, we
cansummarizehede nition of theProp andReptermsas:

axProp(t; o; M) j axRep(t; o; M );

wherethe numberof termsin the sequencar dependson
theparticularaxiom.
The secondpartof thegrammarmgeneratethe setterms:

t o= aj § (M)j;jftitagj! jP(1)] t]

Sp;a; f: t1] Rp;a;b; f: Y
Theterm S, . (t; ) intuitively corresponddo the set
fp:a2 t)j (maf)g ThetermR . ¢ (t1)
intuitively correspondsto the set fy j (8(p X 2
Doly: (p;x;y;t) A (9p:x 2t (p;x;y;t))g. Theterm
& (M) canbe thoughtof asa dependentersionof the
Hilbert's epsilonoperatora: . Theseintuitionsarejusti-

ed by thetyping systemin Section3.3.

Thethird partof the grammargenerateshe formulasof
IZFp:

= ?j(x:)! jxs )N g j8a: j9a:

Theformulas(x : ) ! and(x : )~ aredepen-
dentversionsof implication andconjunction. The variable

x bindsin , which canmentionx (insideof £ terms).
Traditionalformulas ! and ~ arede ned asab-
breviationsfor (x : ) ! and(x : )™ ,wherex is

fresh.

De nition 3.1 A lambdatermis a term geneated by the
r st part of the grammar A settermis a term geneiated
by the secondpart of the grammar A formulais a term
genertedby thethird part of thegrammar

Thefreevariablesof atermM aredenotechy FV (M).
Thede nition of FV (M), aswell asthe de nition of the
(capture-aoiding) substitution,follows the grammarin a
naturalway, takinginto accountthe formulasappearingn
subscriptsand superscriptof terms. We shav two repre-
sentatve casef thede nition:

FV( 1 (M)
FV(inda;f_: (M;1)

(FV( )nfag)[ FV(M)
(FV()nfafg [ FV(®[ FV(M)

3.2 The reduction relation

The reductionrelation, denotedby ! , is deterministic
andde ned onthelambdaterms. It arisesfrom thefollow-
ing reductionrulesandevaluationcontexts:



(x :: M)N! M[x:= N] (as M)t! Mla:=1t]
fst((hM;Ni) ! M snd(hfM;Ni)! N S(IMn! M
casin(M);x: : N;x: :0)! N[x:= M]
casinf(M);x: : N;x: :0)! O[x:= M]

axProp(t; U; axRep(; ;M )) ! M
ind,r. (M;)! ¢ Mc(b:x b2 ciind,r. (M;T)b)

Note that the standardreductionrule 5 ([t; M]) ! tis
notpresentThereasongor thisomissionwill becomeclear
in Section3.4.

The evaluation contexts describe call-by-need (lazy)
evaluationorder:

[1 == fst(C Djsnd([])jcasd] Jix:: N;x: :0)]j
2 (DjaxProp(tw[ D[ 1M jmagic( 1)

We distinguishcertain S terms, listed below, as values.
Thesetof S -valueswill bedenotedoy S . In thede ni-
tion,t; U; ; M; N arearbitraryterms.

a Mjx ::

De nition 3.2 We write M # and saythatM normalizes
if the reductionsequencetartingfromM terminates.We
write M # v if wewantto statethat v is thetermat which
this reductionsequenceéerminates.We write M | N if
M reducedo N in somenumberof steps.Thesymbol=,
denoteghe smallestequivalenceelation extending!

3.3 The typesof S

We now introducethe type systemfor S . Contexts,
denotedby , are nite sequencesf pairs(z;T), wherez
is avariableandT is eitheraformulaor a string Set The
domainof acontext = z; : Ty;:::;zy : Tn, denotedoy
dom() , is thesetfz;;:::;z,0. Therearethreekinds of
typing judgments:

"t : Set readas“t is asettermin thecontext .

: Form, readas” is aformulain the context

° M : ,readas:“M isaproofof theformula in
thecontext ”

Recallfrom Section2 thatta () and A (t; U) aretheterm
andformulacorrespondingo theaxiom(A) of IZFp .

: Form
X T X x & dom() ;a:Set‘a:Setagdom()
CtT:Set ;af :Setp:a2t’ :Form
T Spar (LT):Set
‘t;t:Set ;abf:Setp:a2t’ :Form
" Rpap 7 (61) 1 Set

M jinr(M)jinl(M)j[t; M]jhM;Ni jaxRep(t; T; M)

T U Set
T ta(0) : Set
Tt Set T u: Set
't u:Form
: Form

© ? :Form

2f2,;=;2¢9
: Form
: Form
: Form
: Form
:FoerZfS;Qg
m
;a:Set” M
TXx i Mo(x:)! T a M :8a
TMo(x:)! N\ *' M :8a:
"M N: [x:=N] Mt
"M "N [x:=M]
ThMG N (x: )N
TMo(x:o)n Mo (x:o)n
T fst(M) : “snd(M) : [x = fst(M)]
T t:Set M [ai=t]
Tt M]:9a:
"M :9a: "M :9a:
1 (M) :Set 2 M): [a= [ (M)]
T M "M
Tinl(M) : Tinr(M) :
M ;X CN:#  x: T O:#
Tcas€M;x: i N;x: :0):#
M :8c:(8b:b2, ¢! [af =k ! [af = cf]

: Form X
T(x)
;a: Set”

" Qa: :For

2fl ;g

Tt Set
[a:= 1]

Tind,p (M) i8ar [f = 1]
TMoa(tT) T U Set T M t2) ta(0)

T axRep(t; ;M) :t 2, ta(T) T axProp(t; ;M) 1 A (L T)
"M :9cic2,unrt=c "M :t2u

T inRep(t;u;M):t2u
"M :8d:(d2,t! d2u)”(d2, u!

T eqRept;u;M) it=u

"M:it=u

" egProp(t;u;M) :8d:(d2,t! d2u)” (d2, u!

"M :? ST
" magic(M) : ;a:Set” ST
TSET : Form

X O S:T

d2t)

d2 1)

a 2 dom()

x 2 dom()

Lemma3.3If ~ S : T,thenFV(S)[ FV(T)
dom() . Moreover forany(x; )2 ,FV( ) dom() .

Wewrite ° T :S, whenthisjudgmentcanbederivedus-
ing thetypingrules. ThetheorylZFp arisesrom thetyping
system,by consideringthe formulas suchthat™ M :
for sometermM , to beprovablein IZFp . AlthoughlZFp
might seemformidableatthe rst sight,we remarkthatits
compl«ity doesnot surpasshat of other formal systems
intendedfor generaluse[32, 25, 1§].

T inProp(t;u;M) :9c:c2, ufrt=c¢



Most of therulesarestandard Thetyping systemincor-
poratesthe de nition of formulasandtermsof settheory
Theterm § canbethoughtof asaversionof theHilbert's
epsilonoperatorasit providesawitnessto any provableex-
istentialquanti er. For example,if © M : 9a:a= P(!),
then & 2=P()(M)is“the” A suchthatA = P(! ), aswe
hae 2P0 M) 22RO My = P(1). Infact,
adependenversionof the Hilbert's axiomis provable,asit

is easyto seethat™ x :9a:: 5 (x):(x:9a )!
[a:= ' (.
The ¥ operatoris non-etensional— from the facts
thatM : 9a: ,N :9a: andO :8a: $ wecan-

notderive 5 (M) = % (N).Becausef this,thereare
instance®f the Leibniz axiom not provablein 1ZFp , such
asa=bh! S@mM)2er M) 2e Theef
fect spreaddo the extensional -Induction,Separatiorand
Replacemen@xiom schemas— for example therearefor-
mulas suchthatc 2 S ;x)(@) $ p:c2 a” (p;c)
is not provable. However, one canaxiomatizelZFp with
extensional2 -Inductionaxiom with no harmto the devel-
opmentsn the paper Furthermoreyersionsof Separation
and Replacemeninsulatedagainstnon-etensionalitycan
bederived,for examplec2 S (5 (@) $ c2 a” 9d:d =
crqg:d2 a” (gd). Finally, it is unclearif ary of the
unprovableinstancesvould be usefulin mathematicaprac-
tice. We hopeto furtherinvestigateheinteractionbetween

& termsandextensionalityin thefuture.

3.4 Inconsistency of unrestricted -types
Therearetwo naturalrulesmissingfrom S : thereduc-
tionrule & ([t;M])! tandthetypingrule:

"M _
—w. O

Let IZF, denotelZFp extendedwith theserules. Unlike
IZFp, IZF enjoys nice proof-theoreticaproperties such
as SubjectReduction. However, asthe following theorem
shaws, it alsosuffersthe propertyof beinginconsistent.

Theorem3.4 IZF, isinconsistent.

Proof Recall rst thatin settheories0 = ;;1 = f;,g . For
theinformal proof, considerthesetB = fx 2 1j9a:a =

ag. We canshow that for any p proving x 2 B, there
is exactly oney which witnesseghe formula9a: a = a,
namelythe set A usedfor proving p. Formally, we set
y = &3 3(snd(sepma: a=a Prop(x; 1;p))). By the Re-
placementxiom, all thesey's canbe collectedin oneset
C. Now take any setD anduseit to shov that9a: a = a
andfurthermorethat0 2 B. Applying (*) to they corre-
spondingto this proof, we easily nd thatD 2 C. There-

fore C containsall setsandthusis a subjectto the Russells
paradoxd

For theformal proof, we only presentherelevantterms
and provablejudgments. Let eqRe denotethe term cor-
respondingto the proof of 8a: a = a, let Oinl denote
the term correspondingto the proof of 0 2 1 and let
russ denotethe proof term correspondingo the proof of

8a:(8h:b2 a)! ?.Thetermsareprobablybestreadin a
bottom-upfashion.
B Sga: a:a(l)
t 1 %" *(snd(sepProp(x; 1; p)))
M hegRe t; z:q :z=t: qgi
N X: p:x2B:t;M]
"N 8x:(p:x2B)! 9y:y=1t
C Rpxy :y=t(B)
P sepRep(Q 1; 0inl; [a; eqRe ali)
a:Set” P 02, B
Q a: replRep(a;B;hN;[0; hP;eqRe aili
T Q 8a:a2 C
russC Q ?
4 Realizability

Let ZFO be the Zermelo-Fraenél settheory extended
with the binary relationalsymbol< andthe axiom stating
that< well-ordersthe universe.In this sectionwe work in
ZFO. AlthoughZFO might seemexcessve asa metatheory
for the purposeof proving normalizationof a constructve
system,we remarkthatwith a bit more effort andslightly
moreobscurepresentationywe could carry out the proofin
ZFC.

De nition 4.1 If (a) is a ZFO formula, then“the rst a
suchthat ” is de nedto be:

Theemptyset,if thereis no A sudthat (A).

ThesmallestsetA in the ordering < sud that (A)
holds,otherwise

Our realizersarelambdatermsof S . The setof realizers
arisesasanimageof the term-erasingnapwhich replaces
all settermsin atermby; . Thereasorfor theerasures that

settermsplay no partin reductionsand eliminating them

malkesthe accountmuch cleaner We leave the judgment
whetherthis presentations betterthanthosein [22, 23] to

thereader Theresultof erasureontheterm T will be de-

notedby TC It is de nedinductivelyin anobviousway. We

shav severalrepresentatie cases:

x’=x a’=; (M N)°=MON®  (a:M)°= a M?

SRussells paradoxis not necessanto derive contradiction,as 2-
inductiontogethemwith C 2 C is alsocontradictory



( : (M))():; (tA(U))OZ; (x : ;|\/|)0: X

De nition 4.2 ThesetR consistof all closedtermsin the
range of the erasingmap. A realizeris anyelemenpf R.

We stateseveraleasypropertieof the erasuremap.

Lemma4.3 For any M, M ° doesnot have any free set
variables.

Lemma4.4 R is closedunderreductions:if M 2 R and
M ! N,thenN 2 R.

Lemma4.5 If M °normalizesthensodoesM .
4.1 Realizabilit y relation

We proceedo de ne therealizability relationM ,
readas“M realizes ", whereM is arealizerand comes
fromtheextendedanguagd. de nedbelow. Thede nition
and presentatiorare basedheavily on our previous work
[22, 23], originally inspiredby McCarty'sthesis[19].

De nition 4.6 A setA isa -nameiff A is a setof pairs
(v;B) suhthatv2 S, \ RandB isa -name

In otherwords, -namesaresetshereditarilylabelledby
realizerghatare S values.

De nition 4.7 Theclassof -namesds denotedoyV .

Formally, V is generatedby the following trans nite
inductive de nition onordinals:
[ [
vV = P(Sy V) vV = V
< 20RD

We now extendthe languageof 1IZFp to encompassll
-namesasconstants We alsorestrictthe formulasby al-
lowing only the elementsof R asargumentsof § ([ 1).
We call the resulting class-sizedanguagelL. Thus, the
grammaiis extendedandmodi ed by:

tu=Aj ¥ (R)j::

From now on until the end of this section, symbols
M;N; O; P rangeexclusively over realizers,lettersa; b;c
vary over setvariablesin thelanguagelettersA; B ; C vary
over -namesjetters; overformulasin L andthe let-
ter variesover nite partialfunctionsfrom setvariableso
V . We call suchfunctionservironments

De nition 4.8 For anyformula of L, anysettermt of L
and de nedonall freevariablesof andt, wede ne by
metalevel inductiona realizability relation M in an
ervironment anda meaningof aterm[t] in anernviron-
ment .

a 0: M 0
1
(5 Mm)°= § ‘(MY (axRep(t: T; M ))° = axRep(t® u%M 9

[a] (a)
Al A
[' ] . Omitted.Seg23] for detalils.

[ & (M)] isthe rstA sudthatM # [;;N] and
N [a:= Al

[ta(@] f(axRep(;;;;N);B)2R V jN
A (B;[U] )g. Thede nition of theordinal is simi-
lar to theonein [23].

M ? 2
M t2,s M#vVN(vit] ) 2 [s]

M t = sandM t 2 s are de nedtogetherby
2-induction.Sed23] for details.

M _ (M #inl(M1)» My ) _ (M #
inr(M1) * My )

M x: )y» M # hMq; Mo N (Mg

)N (M2 [x == Mi])

M (x : ) ! (M # x @ 2 Mp"
8N: (N ) (Mi[x = N] [x = NJ)

M 9a: M #[;;N]” 9A: N [a:= A]
M 8a: M # a: N~ 8A: N [a:= A]

It is not dif cult to shov that the de nition of realiz-
ability is well-founded. Therefore,(metalevel) inductive
proofsonthede nition of realizabilityarejusti ed, suchas
the proof of thefollowing lemma:

Lemma4.9 [tla:= s]] = [tfa:= [s] Il = [t] ja:=(1s7 3
and M [a = s]iff M [a = [s]] iff
M fa=(is) )
Pg_oof Proceedhsin [23], usingLemma4.3in thecaset =
1 (M).
The following two easylemmasstatethat realizability

behaessimilarly to saturatedsetsasfar asreductionsand
normalizationareconcerned:

Lemma4.10 If (M ) thenM #.
Lemma4.111fM ! MO%henM?® iff M

Realizabilityis alsoinvariantwith respecto reductions
of lambdatermsinsideof settermsandformulas:

Lemma4.121f M ! N, then[tlx .= M]] = [t[x =
N]] andO [x:= M]iffO [x:= NI

The following keystonein the normalizationproof is
provedexactly asin [23].
Lemma4.13 (M;C) 2 [ta(U)] iffM = axRep(;;;;N)
andN A(C;[U]).



5 Normalization

We arenow readyto provethat S normalizesthusen-
abling programextractionfrom IZFp proofs. The erviron-
mentsin this sectionare nite partial functionswhich map
setvariablesto V andlambdavariablesto realizers.Any
suchervironmentcanbeusedasarealizabilityervironment
by ignoringthe mappingof lambdavariables.

De nition 5.1 For any term T with free lambda vari-
ablesxy;:::;;xp and de nedonxgy;:::; Xy, T[ ] denotes
Txe:= (Xi)iinXn = (Xa)l.

For ary formula of IZFp thereis a natural corre-
spondingformula "of L which resultsby replacingevery
% (M) occuringin by & (M9.

De nition 5.2 For alambdatermM , wewrite M to denote
M9 ], when is clearfromthecontet. Also,for aformula
of IZFp , wewrite ~ to denote”| ].

Lemma5.3 Forany ,T[z:= S]= T[z:= S].

De nition 5.4 Forasequent ~ M : , FE means
that is de nedondom() , for all (a;Set) 2 dom() ,
(&) 2V andforall (xi; i)2 , (Xi) i

Theorem5.5(Normalization) If ~~ O : # thenfor all

F ,0 #.

Proof We proceedby metalevel inductionon = O : #.
Note rst thatby Lemmas3.3and4.3, O is closed,thusit
is arealizer We only shav thenew casesomparedo [23].

Case " O:#of:
"M :9a:
> (M): [a:= § (M)
By Lemma5.3, ([a:= T (M)) = [a :=

1 (M)]. By theinductive hypothesisM ~ 9a:
soM # [;;N] andthereis someA suchthatN

“[a := A]. Furthermore [ fzi(ﬁ)]]_ is the rst A
suchthatM # [;; Q] anQ [a := A], so

alsoN ‘la:=[7 (M)]] BylLemma4.,
N la:= T (M)]. Since 3 (M) ! N, by
Lemma4.11 5 (M) “[a:=§ (M)], which

shavstheclaim.

"M "N [xi=M]
ThM; N (x: )N
By the inductive hypothesis,M ~andN|
[x := M], thusalsoN' " [x := M], whichis
preciselywhatneedgo beshawn.

TMo(x:o )N
Cfst(M) :

Theproofis thesameasin [22, 23)].

TMo(x:o )N
“sndM) : [x = fst(M)]

By the inductive hypothesis,M # hVI1;M2i and
M, [X == M1]. AssndM)! My, by Lemma

4.11it sufces to shav thatM > [x := fst(M)],
whichis equivalentto M, [x := fst(M)]. Since
fstM) ! My and [x:=fst(M)] = [x =

fst(M)], Lemma4.12shaws theclaim.

TMo(x:o)! "N
"M N: [x:=N]

By the inductive hypothesisfor some 1, M # x

_1:My,N ~andforallP, My[x := P]
_[x:= P]. Thusin particularM 1 [x := N] [x =
N. AMN = M N ! (x 1:M;) N !

M1[x := N], Lemmas4.11and5.3shav theclaim.

X T M
X :M:ix:)!

Takeary [ . We needto shov thatfor any N
,M[x := N] “[x := NJ]. Take ary suchN.
Since [x := N]F ;x: ,bytheinductive hypoth-
esisMY [x := NJ] [ [x:= NJ]. It is easyto see
thatthisis equivalenttoM [x :== N]  [x := N].

The casescorrespondingo the axRep and axProp
termsarehandledasin [22, 23], usingLemma4.13.

Corollary 5.6 (Normalization) If~ M : ,thenM °#and

thusalsoM #.
Corollary 5.7 1ZFp is consistent.

Proof If © M : ?,thenM ? , whichis notthecase.

5.1 Program extraction

We now briey explain how to usethe normalization
resultfor the purposeof programextraction from IZFp
proofs. For a naturalnumbern, let m denotethe IZFp nu-
meral correspondingo n. We will needthe following in-
stanceof Lemma4.13:

Lemma5.8 (M;C) 2 ['] iff M = infRep(;;N) and
N C=0_9y:y2! ~C=3(y).



An easyconsequences NumericalExistencePropertyfor
therealizabilitymodel:

Lemma5.9 If M 9y 2 !: , thenonecanobtaina
numbem andarealizerO sudthatO [y := n].

Proof[Sketch] The procesof obtainingn andO is essen-
tially theproceduralescribedn theproofof NumericalEx-

istencePropertyfor IZFr in [22], usingLemma5.8 and

replacingapplicationsof TermExistencePropertyby appli-

cationsof De nition 4.1.

We shav oneexampleof extraction,referringthereader
to [9] for more generalaccount,including extraction of
higherorderfunctions.SupposdZF, ~ M :8x 2 ! 9y 2
I': . Fromthis proof, we extractafunctionf : nat! nat
which works asfollows. It takes a naturalnumbern as
anargument. It constructsan IZFp proof™ N :m 2 !,
Then® M AN :9y 2 !: [x := m]. By Theorem5.5,
M ;N 9y 2!: [x:= n]. UsingLemma5.9, we
obtaina naturalnumbem alongwith arealizerO suchthat
O  [x;y:= m m]. Thefunctionf returnsm.

The key propertyof IZFp, which makesit possibleto
utilize our accountfrom [9], is Term ExistenceProperty
internalizecby  terms.

6 The propertiesof IZF p

In this section,we relatelZFp andits classicalcounter
partto well-known rst-order settheories.

Theorem6.1 IZFp interpretsiZFc.

Proof The preciseformulationof theclaimis: if IZFc™
thenfor sometermM , IZFp ~ M : . We formulatelZF¢
aslZFr extendedwith the Collectionaxiomschema:

(COLL (1) 8f:8a:(8x 2 a%y: )! 9b:8x 2 a9y 2 b:

To shaw thatIZFp interpretsiZFg, we rst needto prove
thatit interpretstherulesof rst-order logic. Most of them
arepresenin thetype systemof S asspecialcasesvhen
dependenciearenot used.The only missingrule is elimi-
nationof the existentialquanti er:

© 9a: T 8a:r !

azFVv()

It is easyto show thatin IZFp the following rule is ad-
missible,thatis if assumptionarederivable,thensois the

conclusion:
"M :9a: "N :8a: !
TN(CT M) (M)

Secondwe needto give theinterpretatiorof IZFr termsin
IZFp andshow thatthey satisfytherespectreaxioms.This
is straightforvard, asit sufces to add extraneoushinders

azFVv()

for Separatiorand Replacementerms. For example,we
interpretfx 2 aj gasfp:x 2 aj g, wherepisfresh.

The only nontrivial thing left is the interpretatiorof the
Collectionaxiom. Intuitively, it follows from Replacement,
as using dependenimplication and § terms, we can
transformaproofp of 8x 2 a9y: into8q:x 2 a9ly: ~
y= ¥ (px q). Formally, we exhibit the proof terms. To
increasereadability we display8x: (p : x 2 a) ! as
8p:x2a ,(p:x2a” as9p:x2 a and
R (;f)asfyj(8p:x 2 t9ly: [f =1)"(9p:x 2
a: [f = 1))o.

M1 h? (pxa);eqRe | (px0)i
M, z:r @ [y:=2z]"z= ¥ (pxq):snd(r)
M3 i g:x2al[ ¥ (pxqg);hMi;Mai]
Ma [x;hgh 3 (pxa);eqRe I (px q)ii]
Ms replRep( ¥ (px 0);a;f;M3; Mai)
Mo x: q:x2al[ Y (pxqg);MMs; ¥ (pxq)i]
~y= 1 (pxQ)
t fyj(8g:x2a9ly: )r9q:x2a g
N f:p:8x2a9y: : [t;Me]
N : 8f:(8x2a%y: )! 9b:8x 2 a9y 2 b:

Therefore, by results of Friedman [12], the proof-
theoreticaktrengthof IZFp equalgthatof ZFC.

We now considera classicalversionof IZFp . Let ZFp
belZFp extendedwith theexcludedmiddleaxiomEM. We
shav that ZFp is consistent.For this purpose take a for-
mulationof ZFO with setterms,suchaslZFr from [22] +
EM + “the universeis well-orderedby <”. De ne anera-
suremap on formulasandsettermsof S, which returns
formulasandsettermsof ZFO. The representatie case of
the de nition follow, where a: denotes'the rst a such
that ™

a=a i‘i M)= a: = m=fﬁ;ﬂg o
Somr: WD =fa2uj (zabg
m = Rap i (@, D)

With the mapat hand,we caneasilyprove by inductionon

theproofthe consisteng result:

Theorem6.2 If ZFp ™ t : Set, thent is a term of ZFO. If
ZFp~ M : ,thenZFO"™ . ThusZFp isconsistent.

Theorem 6.3 ZFp interpretsZF

Proof By Theorem6.1, IZFp interprets|ZFc. Since

ZF=IZFc + EM, theclaimfollows.

7 Thede nition mechanism

A crucialfeatureof rst-order settheorieswhich makes
formalizationof mathematicsso corvenient,is the mech-
anism of de nitions. If atheory T proves a statement



9la: (a), thena new constantc canbe introducedalong
with thede ning axiom (t). More importantly if a state-
ment8x9ly: (x;y) is provable,theintroductionof a new
function symbolf alongwith the axiom 8x:  (x; f (x)),
is justi ed. TheDe nition Eliminationtheoremguarantees
the safetyof this extendingprocess.

There are several problemswith this approach. First,
it addsan extra layer on top of rst-order logic, which
makesthe accountand possibleimplementatiormore dif-
cult. Moreover, the “domain” of new function symbolsis
the entire universe: in settheory nothing preventsa user
from usingtermssuchas5+ P (! ). More importantly it
is not known how to usethis mechanisnmwhile preserving
the capability of programextraction. Finally, thereis also
amoreinsidious,fundamentaproblemwith “partial” func-
tion symbolswhich seemgo makeit impossiblen general
to utilize themechanisnin constructve settheories.

Considera very simple example— a de nition of the
functionsymbolf correspondingo the functionwhich as-
signs5 to every naturalnumber The standardapproach
de nesf to be; on ary setout of its intendeddomain.
Thus,in orderto introducef , one rst needsto prove the
formula

8x9y:((x2!!
8z:((x21! !

y=5"r(x2z!!
z=5"(x2! !

y=;n"
z=;)! z=y:

Constructvely, a proof of the secondpartof is problem-
atic. Note that in orderto obtain ary information about
z, one rst needsto know whetherx 2 ! or not andthis
knowledgeis unavailable in the constructve world. We
conjecturethat it is impossibleto prove in constructve
settheories.

IZFp provides a solution to all theseproblems. For
our example, we can simply prove a formula™ M :
8x 2 !9ly:y = 5. ThenM itself canbe usedto pro-
vide a “typed” function symbol, as for any setx along
with a proof p of its membershign ! , we canshow that

y:y=s"82:2=51 2=¥ (M x p) is theuniquesetequalto 5.

The bene ts of this approachare manifold. First, non-
sensepplicationsof termsymbols,suchas5+ P(!), are
outlawed, as all new function symbolsare automatically
“typed”. Second,all featuresnecessaryor providing the
mechanisnof de nitions are alreadypresentin 1ZFp, so
thereis no needfor descriptionandimplementatiorof an
extra layer on top of the theory Last, but de nitely not
least,the programextractioncapabilityremainsintact.

The priceto pay is the possiblyproblematicinteraction
with theLeibniz axiom,discussedh Section3.3. It remains
to be seen,however, if ary signi cant dif culties would
arisein practice.

4We have recently discavered an alternatve approachwhich would
work in strong,impredicatve settheoriessuchas|ZFg. However, it is
notapplicableto wealer settheoriessuchasCZF.

8 Relatedwork

ThetheorieslZFc andIZFg arewell-investigated.Re-
searchup to 1985is presentedn [7, 33]. Recentresults
include demonstratiorof the disjunction, numericalexis-
tenceandrelatedpropertiesfor IZF¢ extendedwith vari-
ouschoiceaxioms[29] andnormalizatiorof IZFr extended
with inaccessiblesets[22, 23].

Thereis asigni cant amountof researcton connections
betweentype andsettheories.Aczel [2, 3] describednu-
tual interpretation®f variantsof CZF andMartin-L6f type
theory Werner[34] did thesamething for Zermelosetthe-
ory andCalculusof ConstructionsMiquel [20, 21] investi-
gatedembedding®f impredicatve settheorieswithout 2 -
inductionaxiomscheman typetheories.Howe [17] inves-
tigatedan extensionof the settheoreticuniversewith type-
theoreticakonstructsn orderto validatethe typetheoryof
Nuprl.

Modi cations of logic underlyingsettheorywereinves-
tigatedbefore. AgerholmandGordon[5, 15] studiedclas-
sical higherordersettheoryHOL-ST. They did not nd a
clearadvantageof HOL-ST over rst-order ZF. A mapthe-
ory [16] providesa uni ed frameawork for setsand com-
putation. An ongoingresearcton algebraicsettheory[24]
investigatesettheorieshasedn categorytheory Thereare
alsosettheoriesbasedn linearlogics[30, 31].

There are several known paradoxs in type theories
[11, 27], which shav thatextendingthe power of typethe-
ory is a precariousactivity, easilyleadingto contradiction.
Theparticularsof our paradoxseemnto beunrelatedo these
results,as we utilize very set-theoreticacombinationof
Russells paradoxReplacemenandSeparatioraxioms.

9 Conclusion

We have shavn that extending set theory with type-
theoreticfeaturesyields mary bene ts, from boththeoreti-
cal andpracticalpointsof view. We leave severalquestions
open:

Canthenormalizationproofbeconductedn I1ZFp ?

Canconstructve mathematicde smoothlydeveloped
in1ZFp ?

CanlZFp beusefulin systemdevelopmentalongthe
linesof the B-Tool [1]?

Theinconsisteng in Section3.4 utilizes a dependent
natureof the Replacemenaxiom. Is therea consis-

tent, possiblywealer, dependensettheorywith unre-

stricted -types?

Is|ZFp conserativeoverlZFc?



While we conjectureghatthe answergo the rst two ques-
tions are positive, we do not have intuitions regardingthe
restof them.
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