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Abstract

Settheoriesare traditionally basedon �r st-order logic.
We showthat in a constructivesetting, basinga settheory
on a dependentlogic yieldsmanybene�ts. To this end,we
introducea dependentimpredicativeconstructiveset the-
ory which wecall IZFD . Usingrealizability, weprovethat
theunderlyinglambdacalculusweaklynormalizes,thusen-
ablingprogramextractionfromIZFD proofs.We alsoshow
that IZFD can interpret IZF with Collection. By a well-
knownresult of Friedman,this establishesIZFD as a re-
markablystrongtheory, with proof-theoreticalpowerequal
to that of ZFC.We further demonstratethat IZFD provides
a natural frameworkto interpret �r st-orderde�nitions, thus
removinga longstandingbarrier to implementingconstruc-
tivesettheories.Finally, weprovethat IZFD extendedwith
excludedmiddleis consistent,thuspavingthewayto using
our framework in theclassicalsettingaswell.

1 Intr oduction

Thereare two major foundationalframeworks usedin
mathematicsandcomputerscience— set theoryandtype
theory. Theformer is widely acceptedasthefoundationof
classicalmathematics,the latter is being successfullyap-
plied in computerscience,for thepurposeof programver-
i�cation, programminglanguagessemanticsand software
engineering.

Both theoriesarewell understoodandperformverywell
in their habitats. Set theorycan easily formalizemost of
theconceptsusedby mathematicians.The power of mod-
ern type theorieshasexceededthat of Zermelo's set the-
ory [34, 20, 21] and proof assistantsbasedon type the-
ory, suchasCoq [32] andNuprl [10, 6], are successfully
usedfor applicationssuchasextractionof distributedproto-
colscorrect-by-construction[8] or formalizationof dif�cult
mathematicaltheorems[14].

We show that combiningthesetwo worlds yields many

bene�ts.Morespeci�cally, wetakeaconstructivesettheory
IZF with Replacement(IZFR ), andweextendits logic to in-
corporateseveralfeaturestypicalof typetheories— depen-
dentimplications,conjunctionsandwhatwe call restricted
� -types.Wecall theresulting“dependent”settheoryIZFD

andtheunderlyinglambdacalculus�S .
Thereareseveralattractive propertiesof IZFD . First of

all, �S weaklynormalizes.We prove normalizationof �S
using realizability, in a spirit close to our previous work
[22, 23]. Theaxiomof choiceis usedto provide the inter-
pretationof new setterms.Thenormalizationresultmakes
it possibleto extractprogramsfrom IZFD proofs.

Second,weshow thatthecombinationof dependentfea-
turesin the logic andReplacementaxiom signi�cantly in-
creasesthepowerof asettheory, by showing thatIZFD can
provetheaxiomsof IZF with Collection(IZFC ). As known
sinceresultsof Friedmanand Ŝĉedrov [13], Replacement
and Collection are not equivalent in the constructive set-
ting. While theproof-theoreticpower of IZFC equalsthat
of ZFC[12], IZFR is muchweaker. It is conjecturedin [13]
thatits consistency canbeprovedin ZF. Moreover, Collec-
tion is averyusefultool in thedevelopmentof mathematics
in constructive set theories;mostnotably in the treatment
of inductivede�nitions [4, 28]. Thus,IZFD is a remarkably
strongsettheory, having theproof-theoreticpower of ZFC
andall thebene�tsof Collectionat its disposal.

A longstanding,rarely mentionedbarrier to utilizing
constructive set theories,is the mechanismof �rst-order
de�nitions. It is anindispensibletool in building theedi�ce
of mathematicalknowledgeandfor implementingset the-
ory. For example,in ZFC, in orderto introducea function
symbol for the addition function on naturalnumbers,one
�rst shows the statement� � 8m; n9!o: ((m 2 ! ^ n 2
! ) ! \ o is a sumof m andn”) ^ (: (m 2 ! ^ n 2 ! ) !
o = 0). Thena binary symbol+ canbe addedto thesig-
nature,alongwith thede�ning axiom8m; n:“if m; n 2 ! ,
thenm + n is asumof m andn, otherwisem + n is 0”. In
theconstructivesetting,however, showing � is problematic.
Problemsarisewith any “partial” functionsymbol,suchas



+ , asextendingan intendeddomainto the entireuniverse
seemsto be impossiblein generalin the constructive set-
ting. Moreover, it is unknown how to perform this pro-
cedurewhile preservingthe capabilityof programextrac-
tion. Weshow thatIZFD providesameansfor solvingthese
problems,asdependentimplicationcombinedwith � -types
automatically“skolemizes”a settheory. As we prove that
theclassicalcounterpartof IZFD is consistent,themecha-
nismcanalsobeappliedin implementationsof classicalset
theories.

Theimportanceof consistency resultsin thisareacannot
be overestimated,astheoriestendto dwell closeto incon-
sistency [11, 27]. This is onereasonfor therestrictionof � -
typeswe adopt,which amountsto disallowing thestandard
reductionrule � 1([t; M ]) ! t. Although IZFD with un-
restricted� -typesenjoys usefulproof-theoreticproperties,
suchasSubjectReduction,weshow thatit is alsoinconsis-
tent.

Thepropertiesof IZFD make it aviablebasefor a proof
assistantbasedon set theory with programextraction ca-
pability. As the earlierwork [22, 23, 29, 20] doesnot ad-
dresstheproblemof de�nitions, a constructionof a prover
basedonpreviousapproachesis problematic.Wewitnessed
theproblems�rst-hand,while implementingasmallprover
basedon settheory. A uni�ed presentationof IZFD should
facilitatethe implementationprocess.We hopeto utilize a
logical framework for this purpose.

Thispaperisorganizedasfollows. In section2,weintro-
duceinformally thetheoryIZFD . A formal presentationof
theunderlyinglambdacalculus�S canbefoundin section
3, wherewealsoshow thatIZFD with unrestricted� -types
is inconsistent.We de�ne anduserealizabityto prove nor-
malizationof �S in sections4 and5. In section6 we inves-
tigatethepower of IZFD andits classicalcounterpart.We
describehow to use�S to implement�rst-order de�nitions
in section7. Relatedwork is discussedin section8.

2 IZF D

The theoryIZFD is a dependentversionof constructive
impredicativesettheoryIZF with Replacement(IZFR ), in-
troducedby Myhill in [26]. IZFD arisesby extendingthe
constructive �rst-order logic of IZFR with dependentfea-
tures.As any detailedaccountof a theorybasedon depen-
dentlogic involvesa largeamountof syntax,we postpone
the formal treatmentto the next sectionand �rst describe
thetheoryinformally.

Intuitively, theaxiomsof IZFD are:EmptySet,Pairing,
In�nity , Union, Power Set,2-Induction, dependentSepa-
ration and dependentReplacement.The underlyinglogic
is an extensionof the constructive �rst-order logic by de-
pendentimplications,conjunctionsandrestricted� -types.
Formally, IZFD doesnothaveany axiomsin thetraditional

� (IN) 8a; b: a 2 b $ 9c: c 2 I b^ a = c

� (EQ) 8a; b: a = b $ 8d: (d 2 I a ! d 2 b) ^ (d 2 I b !
d 2 a)

� (EMPTY) 8c: c 2 I ; $ ?

� (PAIR) 8a; b8c: c 2 I f a; bg $ c = a _ c = b

� (INF) 8c: c 2 I ! $ c = 0 _ 9b 2 ! : c = S(b)

� (SEP� ( p;a; f ) ) 8f ; a8c: c 2 I S� ( p;a; f ) (a; f ) $ (p : c 2

a) ^ � (p;c; f )

� (UNION) 8a8c: c 2 I
S

a $ 9b 2 a: c 2 b

� (POWER)8a8c: c 2 I P(a) $ 8b: b 2 c ! b 2 a

� (REPL� ( p;a;b; f ) ) 8f ; a8c: c 2 I R � ( p;a;b; f ) (a; f ) $

(8x: (p : x 2 a) ! 9!y: � (p; x; y; f )) ^ (9x: (p : x 2
a) ^ � (p;x; c; f ))

� (IND � ( a; f ) ) 8f : (8a: (8b: b 2 I a ! � (b;f )) !

� (a; f )) ! 8a: � (a; f )

Figure 1. The axioms of IZFD

sense;it is a logic powerful enoughto deriveall theformu-
las listed in Figure1. However, sincetheseformulasare
helpful in de�ning andunderstandingIZFD , we will con-
tinuecalling themaxiomsthroughoutthepaper.

The axioms (SEP� ), (REPL� ) and (IND � ) are axiom
schemas, parameterizedby a formula � . The axioms(IN)
and(EQ)alongwith theintensionalmembershipsymbol2 I

form thebackboneof theLeibniz (8a; b:a = b ! � (a) !
� (b)) andExtensionality(8a; b: (8c: c 2 a $ c 2 b) !
a = b) axioms,which arederivable1 in our axiomatization.
Thesymbol2 I needsnot becomprehendedin orderto uti-
lize the theory, asIZFD canprove all theaxioms1 with 2 I

replacedby 2. See[23] for moredetails.
The axioms (EMPTY), (PAIR), (INF), (SEP� ),

(UNION), (POWER) and (REPL� ) all assert the ex-
istence of certain classes and have the same form:
8a:8c: c 2 I tA (a) $ � A (c;a), wheretA is a function
symboland� A a correspondingformula for the axiom A.
For example,for (POWER), tPO WER is P and � PO WER

is 8b: b 2 c ! b 2 a. We reserve thenotationtA and� A

to denotethe term and the correspondingformula for the
axiomA.

The underlying logic includesdependentimplications
andconjuctions,denotedby (p : � ) !  and(p : � ) ^  .
Thesecanbefoundin theSeparationandReplacementax-
ioms.Theirparameterizingformulascandependonproofs,
denotedby p. Intuitively, in IZFD proofsareavalid subject
of discourse.This is the main featurewhich distinguishes
the axiomsof IZFD from traditional axiomatizations. In
particular, theaxiomsof IZFR arepreciselywhatremainsif
theschemasarerestrictedto purely�rst-order formulas.

1For �rst-order formulas.Seethediscussionin Section3.3.



3 The �S calculus

A lambdacalculusis anintegral partof any typetheory.
It is a typedprogramminglanguage,providing meansfor
programextractioncapability. At the sametime, its types
providethelogic of a theoryandits termsserveasnotation
for its proofs.

In thissection,wedescribein detailthecalculus�S con-
stitutingIZFD . As commonin dependentlogics,terms,for-
mulasandproof termsareall de�ned at thesametime. The
judgmentsof the type systemof �S inducethe set theory
IZFD . We proceedto make this introductionprecise.

3.1 The terms of �S

The termsof �S are divided into threesyntacticcate-
gories,encompassingproof terms,settermsandformulas,
respectively. We will generallyuselettersM ; N ; O; P for
proof terms2, s; t; u for setterms,�;  ; # for formulasand
T; S for arbitraryterms.Thus,wheneveroneof thesesym-
bols is encounteredin the text, the readershouldassume
that it hasbeengeneratedby thecorrespondingpartof the
grammar. Therearetwo kinds of variables.The �rst one,
denotedby lettersp;q; x; y; z, intuitively correspondsto the
propositionalimplication.Thesecondone,denotedusually
by lettersa; b;c, intuitively correspondsto the �rst-order
quanti�cation. We call themlambdaandsetvariables,re-
spectively. The notationa; b: M standsfor a term with its
variablesa; b bound.ThenotationT standsfor a sequence
of terms.Thefollowing abstractgrammarde�nestheterms
of �S . The �rst part generatestheproof terms. Thereare
two groupsof proof terms. The �rst groupcorrespondsto
the�rst-order logic with dependentfeatures:

M ::= x j M N j �a: M j �x : �: M j inl( M ) j inr( M ) j

fst(M ) j snd(M ) j [t; M ] j M t j hM ; N i j

case(M ; x : �: N ; x :  : O) j magic(M ) j � a:�
2 (M )

Thesecondgroupcorrespondsto theaxiomsof settheory:

inda; f : � (M ; t)

inProp( t; u; M ) j inRep(t; u; M )

eqProp(t; u; M ) j eqRep(t; u; M )

pairProp (t; u1 ; u2 ; M ) j pairRep( t; u1 ; u2 ; M )

unionProp( t; u; M ) j unionRep(t; u; M )

sepp;a; f :� Prop( t; u; u; M ) j sepp;a; f :� Rep(t; u; u; M )

powerProp(t; u; M ) j powerRep(t; u; M )

infProp (t; M ) j infRep( t; M )

replp;a;b; f :� Prop( t; u; u; M ) j replp;a;b; f :� Rep(t; u; u; M )

Intuitively, the Prop and Rep termscorrespondto IZFD
axioms. For example,if M is a proof of t 2 I P(u), then

2Thesimultaneoususageof P for thepowersetfunctionsymbolshould
not leadto any confusion.

powerProp(t; u; M ) is aproofof t � u andif M is aproof
of t � u, thenpowerRep(t; u; M ) is a proofof t 2 I P(u).
As in our previouswork [22, 23], we adopttheconvention
of usingaxRep andaxProp termsto tacitly meanall Rep
andProp terms,for ax beingoneof in, eq, pair, union,
sep, power, inf andrepl. With this conventionin mind,we
cansummarizethede�nition of theProp andReptermsas:

axProp( t; u; M ) j axRep(t; u; M );

wherethe numberof termsin the sequenceu dependson
theparticularaxiom.

Thesecondpartof thegrammargeneratesthesetterms:

t ::= a j � a:�
1 (M ) j ; j f t1 ; t2g j ! j P (t) j

[
t j

Sp;a; f :� (t; t ) j Rp;a;b; f :� (t; t )

The term Sp;a; f :� (t; t) intuitively correspondsto the set
f (p : a 2 I t) j � (p;a; f )g. The term Rp;a;b; f :� (t; t)
intuitively correspondsto the set f y j (8(p : x 2
t)9!y: � (p;x; y; t)) ^ (9p : x 2 t: � (p;x; y; t))g. Theterm
� a:�

1 (M ) canbe thoughtof asa dependentversionof the
Hilbert's epsilonoperator�a: � . Theseintuitionsarejusti-
�ed by thetypingsystemin Section3.3.

Thethird partof thegrammargeneratestheformulasof
IZFD :

� ::= ? j (x : � ) !  j (x : � ) ^  j � _  j 8a: � j 9a: �

The formulas(x : � ) !  and (x : � ) ^  are depen-
dentversionsof implicationandconjunction.Thevariable
x bindsin  , which canmentionx (insideof � a:�

1 terms).
Traditionalformulas� !  and� ^  arede�ned asab-
breviationsfor (x : � ) !  and(x : � ) ^  , wherex is
fresh.

De�nition 3.1 A lambdaterm is a term generatedby the
�r st part of the grammar. A set term is a term generated
by the secondpart of the grammar. A formula is a term
generatedby thethird part of thegrammar.

Thefreevariablesof a termM aredenotedby F V (M ).
The de�nition of F V (M ), aswell asthe de�nition of the
(capture-avoiding) substitution,follows the grammarin a
naturalway, taking into accountthe formulasappearingin
subscriptsandsuperscriptsof terms. We show two repre-
sentativecasesof thede�nition:

F V (� a:�
1 (M )) = (F V (� ) n f ag) [ F V (M )

F V (ind a; f :� (M ; t)) = (F V (� ) n f a; f g) [ F V (t) [ F V (M )

3.2 The reduction relation

The reductionrelation,denotedby ! , is deterministic
andde�ned on thelambdaterms.It arisesfrom thefollow-
ing reductionrulesandevaluationcontexts:



(�x : �: M ) N ! M [x := N ] (�a: M ) t ! M [a := t]
fst(hM ; N i ) ! M snd(hM ; N i ) ! N � a:�

2 ([t; M ]) ! M
case(inl( M ); x : �: N ; x :  : O) ! N [x := M ]
case(inr( M ); x : �: N ; x :  : O) ! O[x := M ]

axProp( t; u; axRep(t; u; M )) ! M
inda; f :� (M ; t) ! �c: M c (�b:�x : b 2 I c: inda; f :� (M ; t) b)

Note that the standardreductionrule � a:�
1 ([t; M ]) ! t is

notpresent.Thereasonsfor thisomissionwill becomeclear
in Section3.4.

The evaluation contexts describecall-by-need(lazy)
evaluationorder:

[� ] ::= fst([� ]) j snd([� ]) j case([� ]; x : �: N ; x :  : O) j

� a:�
2 ([� ]) j axProp( t; u; [� ]) j [� ] M j magic([� ])

We distinguishcertain �S terms, listed below, as values.
Thesetof �S -valueswill bedenotedby �S v . In thede�ni-
tion, t; u; �; M ; N arearbitraryterms.

�a: M j �x : �: M j inr( M ) j inl( M ) j [t; M ] jhM ; N i j axRep(t; u; M )

De�nition 3.2 We write M # and saythat M normalizes
if the reductionsequencestarting from M terminates.We
write M # v if wewant to statethat v is thetermat which
this reductionsequenceterminates.We write M ! � N if
M reducesto N in somenumberof steps.Thesymbol= !

denotesthesmallestequivalencerelationextending! .

3.3 The typ es of �S

We now introducethe type systemfor �S . Contexts,
denotedby � , are�nite sequencesof pairs(z; T ), wherez
is a variableandT is eithera formulaor a stringSet. The
domainof a context � = z1 : T1; : : :; zn : Tn , denotedby
dom(�) , is the set f z1; : : :; zn g. Thereare threekinds of
typing judgments:

� � ` t : Set, readas“ t is asettermin thecontext � ”.

� � ` � : Form, readas“ � is a formula in thecontext
� ”.

� � ` M : � , readas:“M is a proofof theformula� in
thecontext � ”.

Recallfrom Section2 thattA (u) and� A (t; u) aretheterm
andformulacorrespondingto theaxiom(A) of IZFD .

� ` � : Form
� ; x : � ` x : �

x =2 dom(�)
� ; a : Set ` a : Set

a =2 dom(�)

� ` t; t : Set � ; a; f : Set; p : a 2 t ` � : Form

� ` Sp;a; f : � (t; t ) : Set

� ` t; t : Set � ; a; b;f : Set; p : a 2 t ` � : Form

� ` Rp;a;b; f : � (t; t) : Set

� ` u : Set
� ` tA (u) : Set � ` ? : Form

� ` t : Set � ` u : Set
� ` t � u : Form

� 2 f2 I ; = ; 2g

� ` � : Form � `  : Form
� ` � _  : Form

� ` � : Form � ; x : � `  : Form
� ` (x : � ) �  : Form

� 2 f! ; ^g

� ; a : Set ` � : Form
� ` Qa: � : Form

Q 2 f8 ; 9g

� ; x : � ` M :  
� ` �x : �: M : (x : � ) !  

� ; a : Set ` M : �
� ` �a: M : 8a: �

� ` M : (x : � ) !  � ` N : �

� ` M N :  [x := N ]
� ` M : 8a: � � ` t : Set

� ` M t : � [a := t]

� ` M : � � ` N :  [x := M ]

� ` hM ; N i : (x : � ) ^  

� ` M : (x : � ) ^  

� ` fst(M ) : �

� ` M : (x : � ) ^  

� ` snd(M ) :  [x := fst(M )]

� ` t : Set � ` M : � [a := t]

� ` [t; M ] : 9a: �

� ` M : 9a: �

� ` � a:�
1 (M ) : Set

� ` M : 9a: �

� ` � a:�
2 (M ) : � [a := � a:�

1 (M )]

� ` M : �
� ` inl( M ) : � _  

� ` M :  
� ` inr( M ) : � _  

� ` M : � _  � ; x : � ` N : # � ; x :  ` O : #
� ` case(M ; x : �: N ; x :  : O) : #

� ` M : 8c: (8b:b 2 I c ! � [a; f := b;t ]) ! � [a; f := c; t] � ` t : Set

� ` inda; f : � (M ; t) : 8a: � [f := t]

� ` M : � A (t; u) � ` t; u : Set

� ` axRep(t; u; M ) : t 2 I tA (u)

� ` M : t 2 I tA (u)

� ` axProp( t; u; M ) : � A (t; u)

� ` M : 9c: c 2 I u ^ t = c
� ` inRep(t; u; M ) : t 2 u

� ` M : t 2 u
� ` inProp (t; u; M ) : 9c: c 2 I u ^ t = c

� ` M : 8d: (d 2 I t ! d 2 u) ^ (d 2 I u ! d 2 t)

� ` eqRep(t; u; M ) : t = u

� ` M : t = u
� ` eqProp(t; u; M ) : 8d: (d 2 I t ! d 2 u) ^ (d 2 I u ! d 2 t)

� ` M : ?
� ` magic(M ) : �

� ` S : T
� ; a : Set ` S : T

a =2 dom(�)

� ` S : T � ` � : Form
� ; x : � ` S : T

x =2 dom(�)

Lemma 3.3 If � ` S : T , then F V (S) [ F V (T) �
dom(�) . Moreover, for any(x; � ) 2 � , F V (� ) � dom(�) .

We write � ` T : S, whenthis judgmentcanbederivedus-
ing thetypingrules.ThetheoryIZFD arisesfrom thetyping
system,by consideringthe formulas� suchthat ` M : �
for sometermM , to beprovablein IZFD . AlthoughIZFD

might seemformidableat the �rst sight,we remarkthat its
complexity doesnot surpassthat of other formal systems
intendedfor generaluse[32, 25, 18].



Most of therulesarestandard.Thetypingsystemincor-
poratesthe de�nition of formulasandtermsof set theory.
Theterm� a:�

1 canbethoughtof asaversionof theHilbert's
epsilonoperator, asit providesawitnessto any provableex-
istentialquanti�er. For example,if ` M : 9a: a = P(! ),
then� a: a= P ( ! )

1 (M ) is “the” A suchthatA = P(! ), aswe
have ` � a: a= P ( ! )

2 (M ) : � a: a= P ( ! )
1 (M ) = P(! ). In fact,

adependentversionof theHilbert'saxiomis provable,asit
is easyto seethat ` �x : 9a: �: � a:�

2 (x) : (x : 9a: � ) !
� [a := � a:�

1 (x)].
The � a:�

1 operatoris non-extensional— from the facts
that M : 9a: � , N : 9a:  andO : 8a: � $  we can-
not derive � a:�

1 (M ) = � a: 
1 (N ). Becauseof this, thereare

instancesof theLeibniz axiomnot provablein IZFD , such
asa = b ! � c:� (a)

1 (M ) 2 e ! � c:� (b)
1 (M ) 2 e. Theef-

fect spreadsto theextensional2-Induction,Separationand
Replacementaxiomschemas— for example,therearefor-
mulas� suchthat c 2 S� (p;x ) (a) $ p : c 2 a ^ � (p;c)
is not provable. However, onecanaxiomatizeIZFD with
extensional2-Inductionaxiom with no harmto the devel-
opmentsin thepaper. Furthermore,versionsof Separation
andReplacementinsulatedagainstnon-extensionalitycan
bederived,for examplec 2 S� (p;x ) (a) $ c 2 a ^ 9d: d =
c ^ q : d 2 a ^ � (q; d). Finally, it is unclearif any of the
unprovableinstanceswouldbeusefulin mathematicalprac-
tice. We hopeto furtherinvestigatetheinteractionbetween
� a:�

1 termsandextensionalityin thefuture.

3.4 Inconsistency of unrestricted � -t yp es

Therearetwo naturalrulesmissingfrom �S : thereduc-
tion rule � a:�

1 ([t; M ]) ! t andthetyping rule:

� ` M :  
� ` M : �

� = !  (� )

Let IZF�
D denoteIZFD extendedwith theserules. Unlike

IZFD , IZF�
D enjoys nice proof-theoreticalproperties,such

asSubjectReduction.However, asthe following theorem
shows, it alsosuffersthepropertyof beinginconsistent.

Theorem3.4 IZF�
D is inconsistent.

Proof Recall�rst that in settheories,0 = ; ; 1 = f;g . For
theinformal proof, considerthesetB = f x 2 1 j 9a: a =
ag. We can show that for any p proving x 2 B , there
is exactly oney which witnessesthe formula 9a: a = a,
namely the set A usedfor proving p. Formally, we set
y = � a: a= a

1 (snd(sep9a: a=a Prop(x; 1; p))) . By the Re-
placementaxiom, all thesey's canbe collectedin oneset
C. Now take any setD anduseit to show that9a: a = a
andfurthermorethat 0 2 B . Applying (*) to the y corre-
spondingto this proof, we easily�nd thatD 2 C. There-

foreC containsall setsandthusis asubjectto theRussell's
paradox.3

For theformal proof,we only presenttherelevantterms
andprovablejudgments.Let eqRe
 denotethe term cor-
respondingto the proof of 8a: a = a, let 0in1 denote
the term correspondingto the proof of 0 2 1 and let
russ denotethe proof term correspondingto the proof of
8a: (8b:b 2 a) ! ? . Thetermsareprobablybestreadin a
bottom-upfashion.

B � S9 a: a= a (1)

t � � a: a= a
1 (snd(sepProp(x; 1; p)))

M � heqRe
 t; �z : �q : z = t: qi

N � �x: �p : x 2 B :[t; M ]

` N : 8x:(p : x 2 B ) ! 9!y: y = t

C � Rp;x;y : y = t (B )

P � sepRep(0; 1; h0in1; [a; eqRe
 a]i )

a : Set ` P : 0 2 I B

Q � �a: replRep(a; B ; hN ; [0; hP; eqRe
 ai ]i

` Q : 8a: a 2 C

` russ C Q : ? �

4 Realizability

Let ZFO be the Zermelo-Fraenkel set theory extended
with thebinary relationalsymbol< andthe axiomstating
that< well-orderstheuniverse.In this sectionwe work in
ZFO.AlthoughZFOmightseemexcessiveasametatheory
for the purposeof proving normalizationof a constructive
system,we remarkthat with a bit moreeffort andslightly
moreobscurepresentation,we couldcarryout theproof in
ZFC.

De�nition 4.1 If � (a) is a ZFO formula, then“the �rst a
suchthat� ” is de�nedto be:

� Theemptyset,if there is noA such that � (A).

� ThesmallestsetA in the ordering < such that � (A)
holds,otherwise.

Our realizersarelambdatermsof �S . Thesetof realizers
arisesasan imageof the term-erasingmapwhich replaces
all settermsin atermby ; . Thereasonfor theerasureis that
set termsplay no part in reductionsandeliminating them
makes the accountmuchcleaner. We leave the judgment
whetherthis presentationis betterthanthosein [22, 23] to
thereader. Theresultof erasureon the term T will be de-
notedby T 0. It is de�ned inductively in anobviousway. We
show severalrepresentativecases:

x0 = x a0 = ; (M N )0 = M 0 N 0 (�a: M )0 = �a: M 0

3Russell's paradoxis not necessaryto derive contradiction,as 2 -
inductiontogetherwith C 2 C is alsocontradictory.



(� a:�
1 (M )) 0 = ; (tA (u)) 0 = ; (�x : � : M )0 = �x : � 0: M 0

(� a:�
2 (M )) 0 = � a:� 0

2 (M 0) (axRep(t; u; M )) 0 = axRep(t0; u0; M 0)

De�nition 4.2 ThesetR consistsof all closedtermsin the
rangeof theerasingmap.A realizeris anyelementof R.

We stateseveraleasypropertiesof theerasuremap.

Lemma 4.3 For any M , M 0 doesnot have any free set
variables.

Lemma 4.4 R is closedunderreductions:if M 2 R and
M ! N , thenN 2 R.

Lemma 4.5 If M 0 normalizes,thensodoesM .

4.1 Realizabilit y relation

We proceedto de�ne therealizability relationM 
 � � ,
readas“M realizes� ”, whereM is a realizerand� comes
from theextendedlanguageL de�nedbelow. Thede�nition
and presentationare basedheavily on our previous work
[22, 23], originally inspiredby McCarty's thesis[19].

De�nition 4.6 A setA is a � -nameiff A is a setof pairs
(v; B ) such that v 2 �S v \ R andB is a � -name.

In otherwords,� -namesaresetshereditarilylabelledby
realizersthatare�S values.

De�nition 4.7 Theclassof � -namesis denotedbyV � .

Formally, V � is generatedby the following trans�nite
inductivede�nition onordinals:

V �
� =

[

� <�

P(�S v � V �
� ) V � =

[

� 2 ORD
V �

�

We now extendthe languageof IZFD to encompassall
� -namesasconstants.We alsorestrictthe formulasby al-
lowing only the elementsof R asargumentsof � a:�

1 ([� ]).
We call the resulting class-sizedlanguageL . Thus, the
grammaris extendedandmodi�ed by:

t ::= A j � a:�
1 (R) j : : :

From now on until the end of this section, symbols
M ; N ; O; P rangeexclusively over realizers,lettersa; b;c
varyoversetvariablesin thelanguage,lettersA; B ; C vary
over � -names,letters�;  over formulasin L andthe let-
ter � variesover�nite partialfunctionsfrom setvariablesto
V � . We call suchfunctionsenvironments.

De�nition 4.8 For anyformula� of L , anysettermt of L
and� de�nedon all freevariablesof � andt, wede�ne by
metalevel inductiona realizability relation M 
 � � in an
environment� anda meaningof a term[[t]]� in an environ-
ment� .

� [[a]]� � � (a)

� [[A]]� � A

� [[! ]]� . Omitted.See[23] for details.

� [[� a:�
1 (M )]]� is the �r st A such that M # [; ; N ] and

N 
 � � [a := A].

� [[tA (u)]]� � f (axRep(; ; ; ; N ); B ) 2 R � V �

 j N 
 �

� A (B ; [[u]]� )g. Thede�nition of theordinal 
 is simi-
lar to theonein [23].

� M 
 � ? � ?

� M 
 � t 2 I s � M # v ^ (v; [[t]]� ) 2 [[s]]�

� M 
 � t = s andM 
 � t 2 s are de�nedtogetherby
2-induction.See[23] for details.

� M 
 � � _  � (M # inl( M 1) ^ M 1 
 � � ) _ (M #
inr( M 1) ^ M 1 
 �  )

� M 
 � (x : � ) ^  � M # hM 1; M 2i ^ (M 1 
 �

� ) ^ (M 2 
 �  [x := M 1])

� M 
 � (x : � ) !  � (M # �x : _: M 1) ^
8N : (N 
 � � ) ! (M 1[x := N ] 
 �  [x := N ])

� M 
 � 9a: � � M # [; ; N ] ^ 9A: N 
 � � [a := A]

� M 
 � 8a: � � M # �a: N ^ 8A: N 
 � � [a := A]

It is not dif�cult to show that the de�nition of realiz-
ability is well-founded. Therefore,(metalevel) inductive
proofsonthede�nition of realizabilityarejusti�ed, suchas
theproofof thefollowing lemma:

Lemma 4.9 [[t[a := s]]]� = [[t[a := [[s]]� ]]]� = [[t]]� [a:=[ [s]] � ]

and M 
 � � [a := s] iff M 
 � � [a := [[s]]� ] iff
M 
 � [a:=[ [s]] � ] � .

Proof Proceedasin [23], usingLemma4.3 in thecaset =
� b:�

1 (M ). �
The following two easylemmasstatethat realizability

behavessimilarly to saturatedsetsasfar asreductionsand
normalizationareconcerned:

Lemma 4.10 If (M 
 � � ) thenM #.

Lemma 4.11 If M ! � M 0 thenM 0 
 � � iff M 
 � � .

Realizabilityis alsoinvariantwith respectto reductions
of lambdatermsinsideof settermsandformulas:

Lemma 4.12 If M ! � N , then[[t[x := M ]]]� = [[t[x :=
N ]]]� andO 
 � � [x := M ] iff O 
 � � [x := N ].

The following keystonein the normalizationproof is
provedexactlyasin [23].

Lemma 4.13 (M ; C) 2 [[tA (u)]]� iff M = axRep(; ; ; ; N )
andN 
 � � A (C; [[u]]� ).



5 Normalization

We arenow readyto prove that �S normalizes,thusen-
ablingprogramextractionfrom IZFD proofs.Theenviron-
mentsin this sectionare�nite partial functionswhich map
setvariablesto V � andlambdavariablesto realizers.Any
suchenvironmentcanbeusedasarealizabilityenvironment
by ignoringthemappingof lambdavariables.

De�nition 5.1 For any term T with free lambda vari-
ablesx1; : : :; xn and� de�nedon x1; : : :; xn , T [� ] denotes
T[x1 := � (x i ); : : :; xn := � (xn )].

For any formula � of IZFD there is a natural corre-
spondingformula �̂ of L which resultsby replacingevery
� a: 

1 (M ) occuringin � by � a: 
1 (M 0).

De�nition 5.2 For a lambdatermM , wewrite M to denote
M 0[� ], when� is clear fromthecontext. Also,for a formula
� of IZFD , wewrite � to denote�̂ [� ].

Lemma 5.3 For any� , T [z := S] = T[z := S].

De�nition 5.4 For a sequent� ` M : � , � j= � means
that � is de�ned on dom(�) , for all (ai ; Set) 2 dom(�) ,
� (ai ) 2 V � andfor all (x i ; � i ) 2 � , � (x i ) 
 � � i .

Theorem5.5(Normalization) If � ` O : # then for all
� j= � , O 
 � #.

Proof We proceedby metalevel inductionon � ` O : #.
Note �rst thatby Lemmas3.3 and4.3,O is closed,thusit
is arealizer. Weonly show thenew casescomparedto [23].
Case� ` O : # of:

�
� ` M : 9a: �

� ` � a:�
2 (M ) : � [a := � a:�

1 (M )]

By Lemma 5.3, (� [a := � a:�
1 (M )]) = � [a :=

� a: �
1 (M )]. By the inductive hypothesis,M 
 � 9a: � ,

so M # [; ; N ] and thereis someA suchthat N 
 �

� [a := A]. Furthermore,[[� a: �
1 (M )]]� is the �rst A

such that M # [; ; Q] and Q 
 � � [a := A], so

also N 
 � � [a := [[� a: �
1 (M )]]� ]. By Lemma4.9,

N 
 � � [a := � a: �
1 (M )]. Since� a: �

2 (M ) ! � N , by

Lemma4.11 � a: �
2 (M ) 
 � � [a := � a: �

1 (M )], which
showstheclaim.

�
� ` M : � � ` N :  [x := M ]

� ` hM ; N i : (x : � ) ^  

By the inductive hypothesis,M 
 � � and N 
 �

 [x := M ], thus also N 
 �  [x := M ], which is
preciselywhatneedsto beshown.

�
� ` M : (x : � ) ^  

� ` fst(M ) : �

Theproof is thesameasin [22, 23].

�
� ` M : (x : � ) ^  

� ` snd(M ) :  [x := fst(M )]

By the inductive hypothesis,M # hM 1; M 2i and
M 2 
 �  [x := M 1]. As snd(M ) ! � M 2, by Lemma
4.11 it suf�ces to show that M 2 
 �  [x := fst(M )],
which is equivalentto M 2 
 �  [x := fst(M )]. Since
fst(M ) ! � M 1 and  [x := fst(M )] =  [x :=
fst(M )], Lemma4.12shows theclaim.

�
� ` M : (x : � ) !  � ` N : �

� ` M N :  [x := N ]

By the inductive hypothesis,for some� 1, M # �x :
� 1: M 1, N 
 � � andfor all P 
 � � , M 1[x := P] 
 �

 [x := P]. Thusin particularM 1[x := N ] 
 �  [x :=
N ]. As M N = M N ! � (�x : � 1: M 1) N !
M 1[x := N ], Lemmas4.11and5.3show theclaim.

�
� ; x : � ` M :  

� ` �x : �: M : (x : � ) !  

Take any � j= � . We needto show thatfor any N 
 �

� , M [x := N ] 
 �  [x := N ]. Take any suchN .
Since� [x := N ] j= � ; x : � , by theinductivehypoth-
esisM 0[� [x := N ]] 
 �  ̂ [� [x := N ]]. It is easyto see
thatthis is equivalentto M [x := N ] 
 �  [x := N ].

� The casescorrespondingto the axRep and axProp
termsarehandledasin [22, 23], usingLemma4.13.�

Corollary 5.6(Normalization) If ` M : � , thenM 0 # and
thusalsoM #.

Corollary 5.7 IZFD is consistent.

Proof If ` M : ? , thenM 
 � ? , which is not thecase. �

5.1 Program extraction

We now brie�y explain how to use the normalization
result for the purposeof programextraction from IZFD

proofs. For a naturalnumbern, let n denotethe IZFD nu-
meralcorrespondingto n. We will needthe following in-
stanceof Lemma4.13:

Lemma 5.8 (M ; C) 2 [[! ]]� iff M = infRep(; ; N ) and
N 
 � C = 0 _ 9y: y 2 ! ^ C = S(y).



An easyconsequenceis NumericalExistencePropertyfor
therealizabilitymodel:

Lemma 5.9 If M 
 � 9y 2 ! : � , thenonecan obtain a
numbern anda realizerO such thatO 
 � � [y := n].

Proof[Sketch]The processof obtainingn andO is essen-
tially theproceduredescribedin theproofof NumericalEx-
istencePropertyfor IZFR in [22], using Lemma5.8 and
replacingapplicationsof TermExistencePropertyby appli-
cationsof De�nition 4.1. �

We show oneexampleof extraction,referringthereader
to [9] for more generalaccount,including extraction of
higher-orderfunctions.SupposeIZFD ` M : 8x 2 ! 9y 2
! : � . Fromthis proof,we extracta functionf : nat ! nat
which works as follows. It takes a naturalnumbern as
an argument. It constructsan IZFD proof ` N : n 2 ! .
Then` M n N : 9y 2 ! : � [x := n]. By Theorem5.5,
M ; N 
 � 9y 2 ! : � [x := n]. Using Lemma5.9, we
obtainanaturalnumberm alongwith arealizerO suchthat
O 
 � � [x; y := n; m]. Thefunctionf returnsm.

The key propertyof IZFD , which makes it possibleto
utilize our accountfrom [9], is Term ExistenceProperty,
internalizedby � a:�

1 terms.

6 The propertiesof IZF D

In this section,we relateIZFD andits classicalcounter-
partto well-known �rst-order settheories.

Theorem6.1 IZFD interpretsIZFC .

Proof Thepreciseformulationof theclaim is: if IZFC ` � ,
thenfor sometermM , IZFD ` M : � . We formulateIZFC
asIZFR extendedwith theCollectionaxiomschema:

(COLL� ( x;y ; f ) ) 8f : 8a: (8x 2 a9y: � ) ! 9b:8x 2 a9y 2 b: �

To show that IZFD interpretsIZFR , we �rst needto prove
thatit interpretstherulesof �rst-order logic. Most of them
arepresentin thetypesystemof �S asspecialcaseswhen
dependenciesarenot used.Theonly missingrule is elimi-
nationof theexistentialquanti�er:

� ` 9a: � � ` 8a: � !  
� `  

a =2 F V ( )

It is easyto show that in IZFD the following rule is ad-
missible,that is if assumptionsarederivable,thensois the
conclusion:

� ` M : 9a: � � ` N : 8a: � !  

� ` N (� a:�
1 (M )) (� a:�

2 (M )) :  
a =2 F V ( )

Second,weneedto give theinterpretationof IZFR termsin
IZFD andshow thatthey satisfytherespectiveaxioms.This
is straightforward, as it suf�ces to addextraneousbinders

for Separationand Replacementterms. For example,we
interpretf x 2 a j � g asf p : x 2 a j � g, wherep is fresh.

Theonly nontrivial thing left is the interpretationof the
Collectionaxiom.Intuitively, it follows from Replacement,
as using dependentimplication and � a:�

1 terms, we can
transformaproofp of 8x 2 a9y: � into 8q : x 2 a9!y: � ^
y = � a:�

1 (p x q). Formally, we exhibit theproof terms.To
increasereadability, we display8x: (p : x 2 a) ! � as
8p : x 2 a: � , 9x: (p : x 2 a) ^ � as9p : x 2 a: � and
R� (t; t) asf y j (8p : x 2 t9!y: � [f := t]) ^ (9p : x 2
a: � [f := t])g.

M 1 � h� y :�
2 (p x q); eqRe
 � y :�

1 (p x q)i

M 2 � �z : �r : � [y := z] ^ z = � y :�
1 (p x q): snd(r )

M 3 � �x: �q : x 2 a: [� y :�
1 (p x q); hM 1 ; M 2 i ]

M 4 � [x; hq; h� y :�
2 (p x q); eqRe
 � y :�

1 (p x q)ii ]

M 5 � replRep(� y :�
1 (p x q); a; f ; hM 3 ; M 4 i )

M 6 � �x: �q : x 2 a: [� y :�
1 (p x q); hM 5 ; � y :�

2 (p x q)i ]

 � � ^ y = � y :�
1 (p x q)

t � f y j (8q : x 2 a9!y:  ) ^ 9q : x 2 a:  g

N � � f : �p : 8x 2 a9y: �: [t; M 6 ]

` N : 8f : (8x 2 a9y: � ) ! 9b: 8x 2 a9y 2 b: � �

Therefore, by results of Friedman [12], the proof-
theoreticalstrengthof IZFD equalsthatof ZFC.

We now considera classicalversionof IZFD . Let ZFD
beIZFD extendedwith theexcludedmiddleaxiomEM. We
show that ZFD is consistent.For this purpose,take a for-
mulationof ZFO with setterms,suchasIZFR from [22] +
EM + “the universeis well-orderedby < ”. De�ne an era-
suremapon formulasandset termsof �S , which returns
formulasandsettermsof ZFO.Therepresentativecasesof
the de�nition follow, where�a:� denotes“the �rst a such
that� ”:

a = a � a:�
1 (M ) = �a:� ; = ; f t1 ; t2g = f t1 ; t2g ! = !

(p : � ) !  = � !  Sp;a; f :� (u; t) = f a 2 u j � (z; a; t)g

Rp;a;b; f :� (u; t) = Ra;b; f : � (u; t)

With themapat hand,we caneasilyproveby inductionon
theproof theconsistency result:

Theorem6.2 If ZFD ` t : Set, thent is a termof ZFO. If
ZFD ` M : � , thenZFO ` � . ThusZFD is consistent.

Theorem6.3 ZFD interpretsZF.

Proof By Theorem6.1, IZFD interprets IZFC . Since
ZF=IZFC + EM, theclaim follows. �

7 The de�nition mechanism

A crucialfeatureof �rst-order settheories,whichmakes
formalizationof mathematicsso convenient,is the mech-
anism of de�nitions. If a theory T proves a statement



9!a: � (a), thena new constantc canbe introducedalong
with thede�ning axiom� (t). More importantly, if a state-
ment8x9!y: � (x; y) is provable,the introductionof a new
function symbol f along with the axiom 8x: � (x; f (x)) ,
is justi�ed. TheDe�nition Eliminationtheoremguarantees
thesafetyof thisextendingprocess.

Thereare several problemswith this approach. First,
it addsan extra layer on top of �rst-order logic, which
makesthe accountandpossibleimplementationmoredif-
�cult. Moreover, the“domain” of new functionsymbolsis
the entireuniverse: in set theory, nothingpreventsa user
from usingtermssuchas5 + P(! ). More importantly, it
is not known how to usethis mechanismwhile preserving
the capabilityof programextraction. Finally, thereis also
amoreinsidious,fundamentalproblemwith “partial” func-
tion symbols,whichseemsto makeit impossiblein general
to utilize themechanismin constructivesettheories.

Considera very simple example— a de�nition of the
functionsymbolf correspondingto thefunctionwhich as-
signs5 to every naturalnumber. The standardapproach4

de�nes f to be ; on any set out of its intendeddomain.
Thus,in order to introducef , one�rst needsto prove the
formula

� � 8x9y: (( x 2 ! ! y = 5) ^ (x =2 ! ! y = ; )) ^

8z: (( x 2 ! ! z = 5) ^ (x =2 ! ! z = ; )) ! z = y:

Constructively, a proof of thesecondpartof � is problem-
atic. Note that in order to obtain any information about
z, one�rst needsto know whetherx 2 ! or not andthis
knowledge is unavailable in the constructive world. We
conjecturethat it is impossibleto prove � in constructive
settheories.

IZFD provides a solution to all theseproblems. For
our example, we can simply prove a formula ` M :
8x 2 ! 9!y: y = 5. Then M itself can be usedto pro-
vide a “typed” function symbol, as for any set x along
with a proof p of its membershipin ! , we canshow that
� y : y=5 ^8 z: z=5 ! z= y

1 (M x p) is theuniquesetequalto 5.
The bene�ts of this approacharemanifold. First, non-

senseapplicationsof termsymbols,suchas5 + P(! ), are
outlawed, as all new function symbolsare automatically
“typed”. Second,all featuresnecessaryfor providing the
mechanismof de�nitions arealreadypresentin IZFD , so
thereis no needfor descriptionandimplementationof an
extra layer on top of the theory. Last, but de�nitely not
least,theprogramextractioncapabilityremainsintact.

The price to pay is thepossiblyproblematicinteraction
with theLeibnizaxiom,discussedin Section3.3. It remains
to be seen,however, if any signi�cant dif�culties would
arisein practice.

4We have recently discovered an alternative approachwhich would
work in strong,impredicative set theoriessuchas IZFR . However, it is
notapplicableto weaker settheoriessuchasCZF.

8 Relatedwork

The theoriesIZFC andIZFR arewell-investigated.Re-
searchup to 1985 is presentedin [7, 33]. Recentresults
include demonstrationof the disjunction,numericalexis-
tenceandrelatedpropertiesfor IZFC extendedwith vari-
ouschoiceaxioms[29] andnormalizationof IZFR extended
with inaccessiblesets[22, 23].

Thereis asigni�cant amountof researchonconnections
betweentype andsettheories.Aczel [2, 3] describedmu-
tual interpretationsof variantsof CZF andMartin-Löf type
theory. Werner[34] did thesamething for Zermelosetthe-
ory andCalculusof Constructions.Miquel [20, 21] investi-
gatedembeddingsof impredicative settheorieswithout 2-
inductionaxiomschemain typetheories.Howe[17] inves-
tigatedanextensionof thesettheoreticuniversewith type-
theoreticalconstructsin orderto validatethetypetheoryof
Nuprl.

Modi�cations of logic underlyingsettheorywereinves-
tigatedbefore.AgerholmandGordon[5, 15] studiedclas-
sical higher-ordersettheoryHOL-ST. They did not �nd a
clearadvantageof HOL-STover �rst-order ZF. A mapthe-
ory [16] provides a uni�ed framework for setsand com-
putation.An ongoingresearchon algebraicsettheory[24]
investigatessettheoriesbasedoncategorytheory. Thereare
alsosettheoriesbasedon linearlogics[30, 31].

There are several known paradoxes in type theories
[11, 27], which show thatextendingthepower of typethe-
ory is a precariousactivity, easilyleadingto contradiction.
Theparticularsof ourparadoxseemto beunrelatedto these
results,as we utilize very set-theoreticalcombinationof
Russell'sparadox,ReplacementandSeparationaxioms.

9 Conclusion

We have shown that extending set theory with type-
theoreticfeaturesyieldsmany bene�ts, from boththeoreti-
cal andpracticalpointsof view. We leaveseveralquestions
open:

� Canthenormalizationproofbeconductedin IZFD ?

� Canconstructive mathematicsbesmoothlydeveloped
in IZFD ?

� CanIZFD beusefulin systemdevelopmentalongthe
linesof theB-Tool [1]?

� The inconsistency in Section3.4 utilizes a dependent
natureof the Replacementaxiom. Is therea consis-
tent,possiblyweaker, dependentsettheorywith unre-
stricted� -types?

� Is IZFD conservativeover IZFC ?



While we conjecturethat theanswersto the�rst two ques-
tions arepositive, we do not have intuitions regardingthe
restof them.
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